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Abstract

We propose an efficient importance sampling (IS) method for estimating the first-passage
probability of linear structures with uncertain parameters and subjected to Gaussian pro-
cess excitations. The method evaluates the reliability through integrating the conditional
first-passage probability given the uncertain structural parameters. We develop an adap-
tive IS strategy to efficiently perform this integration based on an IS density that is con-
structed using the cross entropy (CE) method. The CE method determines the IS density
by adaptively minimizing the Kullback-Leibler divergence between the theoretically opti-
mal sampling density and a chosen parametric family of probability distributions. The CE
optimization problem is solved for a series of target densities that gradually approach the
optimal IS density of the structural parameters. To define the intermediate densities, a
smoothening of the conditional first-passage probabilities is employed. Once the IS density
of the uncertain structural parameters is obtained, an effective IS density of the random
excitations conditional on the structural parameters is introduced to estimate the failure
probability of the structure. Unlike other tailored methods for solving this problem, the
proposed IS approach does not require any prior analysis of the dynamic system and can be
applied as a black-box method. Numerical examples demonstrate that the proposed method
can calculate the first-passage probability with remarkable efficiency.

Keywords: First-passage probability, Uncertain linear structure, Gaussian excitation,
Importance sampling, Cross entropy method

1. Introduction

Reliability assessment of dynamically excited structures, involving structural parameter
uncertainties as well as randomness in the external excitation, has gained increasing at-
tention. In structural dynamic systems, failure is usually defined by the first passage of a
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response quantity over a prescribed threshold. This paper focuses on the problem of esti-
mating the first-passage probability for uncertain linear structures subjected to Gaussian
process excitations.

In early studies of first-passage problems, the reliability was evaluated using either out-
crossing theory based on Rice’s formula or diffusion theory through a numerical solution of
the Kolmogorov equation [30, 31]. The potential of these methods in dealing with systems
involving uncertain structural parameters and random excitations has been investigated in
48, 34, 4, 17]. The solution based on out-crossing theory is approximate, as it is based on
heuristic assumptions on the properties of the out-crossing event. The difficulty in solving
the multi-dimensional Kolmogorov equation makes the diffusion theory method applicable
to only small size structural systems. Some recent research efforts focus on the development
of the probability density evolution method for estimating the first-passage probability of
dynamical systems [9, 29, 49]. When the number of random variables is large, which is often
the case for the problem at hand, the application of this method is not straightforward.

In contrast, Monte Carlo methods are more robust and represent a powerful alterna-
tive to the aforementioned approaches. The direct Monte Carlo (DMC) estimator, which is
universally applicable, has a sampling coefficient of variation (c.0.v.) that is inversely pro-
portional to the sample size. When the probability of failure is small, the method requires a
large computational effort to estimate the reliability with acceptable confidence. In view of
this, several advanced sampling techniques have been developed for reducing the sampling
c.o.v. of the probability of failure estimator. Approaches applicable to general dynamic
systems with both parameter uncertainties and randomness in the excitation include the
standard subset simulation method [3, 11, 5], spherical subset simulation [21, 22] and the
line sampling method [24, 39]. A comprehensive review of such variance reduction methods
can be found in [43, 16].

When the dynamical system is linear, more efficient sampling techniques can be designed
by taking advantage of the linear relationship between the structural response and the ap-
plied loading. For the particular case where the structural parameters are characterized
as deterministic and the excitation is modeled by a Gaussian random process, alternative
approaches to efficiently estimate the failure probability are proposed in [2, 38]. These meth-
ods have been extended to deal with structures involving parameter uncertainties. Thereby,
the first-passage probability conditional on a specific value of the uncertain parameters is
evaluated according to the procedures in [2, 20, 38]. The unconditional first-passage prob-
ability is then computed through integration of the conditional probability over the space
of uncertain structural parameters using importance sampling (IS) [19, 45] or line sampling
[38]. These methods are non-adaptive in nature and require system-specific information to
facilitate the probability estimation. In the methods suggested in [19, 38], a psuedo-design
point with respect to the uncertain structural parameters needs to be identified. In [19]
the design point is used to generate the sampling density and to approximate the system
response in terms of the uncertain structural parameters to alleviate computational time.
In the approach based on line sampling [38], the design point provides the reference di-
rection for generating random lines in the uncertain parameter space to efficiently explore
the failure domain. The aforementioned methods are thus effective if the important region
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contributing to the failure probability lies in the vicinity of a unique design point, and if the
design point is easy to identify. When the failure domain has multiple regions of importance,
an appropriate reference point is often difficult to identify. In the IS method presented in
[45], the construction of the IS density is based on a surrogate function used to represent
the conditional instantaneous failure probabilities, i.e. probabilities of out-crossing at spe-
cific time instants. The performance of the method thus depends on a proper choice of the
surrogate model, whose determination is not straightforward when the number of uncertain
parameters is large, or the dependence of the conditional instantaneous failure probabilities
on these parameters is strongly non-linear.

The aim of this contribution is to develop an adaptive IS approach for estimating the
first-passage probability of uncertain linear structures subjected to Gaussian random pro-
cesses. In the proposed method, the randomness in the external excitation is tackled using
the IS strategy presented in [2]. The main contribution lies in the introduction of a novel
approach to obtain a near-optimal IS density related to the uncertain structural parameters,
which is based on the cross-entropy (CE) method. In the CE method, an efficient sampling
density is constructed by minimizing the Kullback-Leibler (KL) divergence between the op-
timal IS density of the structural parameters and a chosen parametric family of probability
distributions through a few rounds of small-size pre-sampling [41]. In the initial sampling
steps, we solve the CE optimization for a sequence of target densities. To choose the inter-
mediate densities for the first-passage problem, a smoothing parameter for the first-passage
probability conditional on the uncertain structural parameters is introduced. The parameter
value is updated adaptively in each sampling iteration to ensure a smooth transition to the
optimal IS density. In terms of robustness, the proposed method can be used as a black-box
algorithm as it is completely adaptive and does not require any prior investigations of the
dynamical system. Therefore, in comparison to the methods suggested in [19, 38, 45|, the
approach developed in this study is more generally applicable to any linear dynamic system.
The performance of the proposed method is demonstrated through numerical examples in
section 5.

2. Problem formulation

2.1. Linear Dynamic System

Consider a linear structural system comprising n degrees of freedom. The state of the
structure under dynamic load is described by a mass matrix M, damping matrix C and

stiffness matrix K, each of dimension n x n. Let ® = {©;;...;0,,} be a vector of basic
random variables that model the uncertain structural parameters describing M, C and K.
Consider an [-dimensional load vector f(t) = {fi(t);...; fi(t)} acting on the structure over

a time duration [0, 7. It is assumed that the components of f(¢) are independent Gaussian
random processes. Then one can characterize f(¢) as a linear function of independent and
identically distributed standard normal variables, which we collectively express as & =
{Z1;...;Zne ). The mean of the input random processes is taken to be zero, without loss of
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generality. The equation of motion of the structure subjected to the stochastic excitation
f(t,B) is given by

M(©)X (1) + C(©)X (t) + K(©)X (t) = Df(t, E). (1)

This semi-discretized equation of motion can be obtained, for instance, from spatial dis-

cretization of the continuum model of the structure by the finite element method. In Eq.
(1), X , X and X denote the acceleration, velocity and displacement vectors of dimension
n x 1, and D is an n x [ matrix that couples the random excitation f(¢,Z) with the degrees
of freedom of the structure. Without loss of generality, zero initial conditions are assumed
at t = 0.

Let h(t,®, E) denote a critical response that is of interest, e.g. displacements, strains, ac-
celerations, inter-storey drifts, etc. The structure is considered safe if the response h(t, ©, E)
fulfills certain performance criteria. For a particular value of the structural parameters
© = 0, it is assumed that the relationship between the input excitation f(¢,=) and the
response h(t,0,2) is linear. Therefore, the input-output relation can be written in terms of
a convolution integral as

Z/ K( 6)f;(r, =) dT_/ Kt —7:0)f(r,B)dr, (2)

where K(;0) is the response at time ¢ due to a unit impulse applied at the j-th input

at time t = 0. It requires [ dynamic analyses to obtain the whole set of impulse response
functions {K;(¢;0),7 = 1,...,1}, which completely define the input-output relationship. If
the input excitation f(t) consists of filtered non-white processes, an augmented structural
model comprising of the original structural system and the filters is considered, and K; is
taken as the convolution of the impulse response function of the original structural system
and the filter producing the j-th component of f(¢). The dynamic response is then computed
by convoluting the impulse response functions of the augmented linear system with the white
noise excitations applied to the filters.

In practical applications, often a discrete-time formulation is adopted, wherein the dy-
namic response of the structure is calculated by numerical integration using the values of
the input at the discrete time instants. Let {¢1,...,t,,.} be a set of discrete time points at a
uniform time spacing At = T'/(nr—1) over the duration [0, T]. Let { f(Z,t1),..., F(E,t,,)}
denote the stochastic excitation in discrete time. One can represent f(E,t;) by a linear com-
bination of B as f(E,tx) = GE, where {Gg,k = 1,...,np} are appropriate deterministic
matrices of dimension ! x ng. Then, by analogy with Eq. (2), the input-output relationship
is given by

k
h(tka 07 E) = ZCSKT<tk - ts; 0)f<tsv E)At - rg(e)E, (3)
s=1

where 7} (0) = Zf:l co K (tp — t;0)G,At and ¢, is a coefficient that depends on the
particular numerical integration scheme used to integrate Eq. (2).
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2.2. First-passage failure probability

Consider a safe domain Dg for the critical response h(t, ®,Z). In first passage problems,
the structure is regarded as safe if the response remains within the domain Dg over the
interval [0, 7. Hence, the safe event is expressed as

S={0cR" &cR":h(t,0,6) € DsVk€{1,...,nr}}. (4)

Whenever a response trajectory exits the safe domain, failure takes place. The first-passage

failure event F'is therefore the complement of S.
For a single-sided barrier specified by a response threshold A*, F' is defined as

F = {0 eR™ £cR™: max h(t,0,€) > h*}. (5)

k=1,....n7

In the case of a double-sided barrier +h*, F is the union of two disjoint events. The first
one corresponds to an up-crossing of the response over the threshold A*, the second one

corresponds to a down-crossing of the response below the threshold —hA*. This leads to the
following definition of F':

k=1,...,TLT

F = {HER”",{E]R"&: max h(t,0,€) > h*}

U {0 e R" & ecR™: k_rlnin

-1

Bt 0.€) < —h*} (6)
- {0 ER™.ECR: max [h(11.0.6)|> h*} ,
=L,...,nm

where || denotes absolute value. Following Egs. (5) and (6), the probability of first-passage

failure is defined via a multi-dimensional integral of the form

Pe= [ L 0.8 € Pirsteo(o)icae (7

Here p=(€) and pe(@), respectively, denote the joint probability density function (PDF)

of 2 and ©, and I{(0,&) € F} is the indicator function for the failure event which takes
the value 1 if (0,€) € F and is 0 otherwise. The above probability can be estimated by
direct Monte Carlo (DMC) simulation. However, it is well known that the number of samples
needed by the DMC estimator to achieve a desired coefficient of variation (c.0.v.) is inversely
proportional to the magnitude of Pr. Therefore, when the probability of failure is small,
which is typically the case in engineering applications, this approach requires an excessively
large number of samples to provide accurate estimates. A standard approach to reduce the
sampling variance of the DMC estimator is importance sampling (IS).

5
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The basic idea in IS is to draw samples of ® and E from an importance sampling density
hez(0,&). Accordingly, the reliability integral in Eq. (7) is modified to

=[] e e Yo 26, €)acan. )
OcR™0 JECR™E (9 5)
An IS estimator of Pr based on the above integral is given by
3 1 o i g P= €i>p@(0i)
PFIN;I{(O,ﬁ)GF}m, (9)

where {(6",&"),i = 1,..., N} are independent samples distributed according to he =(8,§).

The above estimator is unbiased provided the support of he =(0,&) contains the failure
domain. The c.o.v. of the IS estimator depends not only on the number of samples, but
also on the IS density. Hence, an appropriate selection of hg (8, £) can lead to significantly
smaller c.o.v. compared to that of the DMC estimator. It is straightforward to show that
the sampling variance becomes zero when

i@d&Q:WEW£%>%H@8€FWﬂQmwx (10)

where hg =(6, &) represents the optimal choice of the IS density. However, this optimal IS

density cannot be used in practice because it requires prior knowledge of Pr. The main
challenge in the application of IS schemes therefore lies in the selection of a sub-optimal IS
density he =(0,&) that is a good approximation to hg =(0,§).

In order to construct an effective IS density for the first-passage problem, we express the
probability of failure in Eq. (7) alternatively as

PF:/e . Prie(0)pe(6)do, (11)
where
Prio0)= [ 16.6)€ Flr=(é)ig (12)

is the first-passage probability conditional on ® = 8. One can evaluate this conditional

probability of failure using existing methods for first-passage probability estimation of de-
terministic structures. In particular, an efficient IS density that allows estimation of Pre(0)
by IS has been developed in [2]. Therefore, in formulating an IS strategy to estimate Pp,
the key task is the design of an IS density related to the uncertain structural parameters
that would enable efficient estimation of the integral in Eq. (11). In Sec. 3 we briefly re-
view two existing approaches to estimate the conditional first-passage probability Prje(8).
Subsequently, in Sec. 4 we develop a novel IS procedure for evaluating Eq. (11) and discuss
the resulting IS estimator for the first-passage probability Pg.

6
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3. Conditional first-passage failure probability

In this section, the first-passage problem is discussed for the case where the vector ©
modeling structural parameter uncertainties assumes a known value ® = 6. The setting
corresponds to the case of a deterministic structure subjected to Gaussian process excitation.
As discussed before, the input excitation is represented by a linear function of independent
standard normal random variables & = {Z1;...;Z,,}. The conditional first-passage prob-
ability is defined as the probability that the critical response h(t, 8, E) out-crosses at least
once the threshold h* during the time span [0, 7]. Consider the discrete-time system defined
in Eq. (3). Let F(0),k € {1,...,nr} denote the event of out-crossing the threshold at the
k-th time instant. The instantaneous out-crossing events are termed as ‘elementary failure
events’ [2]. Occurrence of any one of the elementary failure events represents failure of the
structure. Therefore, the first-passage failure event conditional on ® = 0 is defined as

F(0) = | Fu(0). (13)

Let F;f (@) and F; (0), respectively, denote the up-crossing and down-crossing events at
the k-th time step, i.e. F;(0) = {& € R" : h(t,0,€) > h*} and F, () = {€ € R"¢ :
h(ty,0,€) < —h*}. Then, for the single- and double-barrier problems defined in Egs. (5) and
(6), the elementary failure events are given by F(0) = F;(0) and F(0) = F;' (0) U F; (0),
respectively. It is noted that the events F"(0) and F (6) are mutually exclusive. Due to
the linear relationship between h(ty, 8, Z2) and E given in Eq. (3), the boundaries of the
failure domains F;"(0) and F} (0) are hyperplanes in the ng-dimensional space of E. The
probability content of F;"(8) and F;, (0) is given by

P [F(6)] = P [F-(6)] = & <_Hrkhm> | (14)

where 74(0) is as defined in Eq. (3) and ®(-) is the standard normal cumulative distribution
function (CDF).

3.1. Analytical approximation based on out-crossing theory

A classical approach to evaluate the probability of occurrence of F(@) is based on the
Poisson hypothesis for the number of out-crossings. Let n(h*;8,0,T) denote the number of
of times the critical response h(t,0,E) out-crosses a safe domain defined by the threshold
h*. If the individual out-crossing events {Fj(0),k = 1,...,nyp} are assumed to be indepen-
dent, the number of out-crossings n(h*;0,0,T) can be approximated by a Poisson random
variable. Based on this approximation, an analytical solution of the conditional first-passage
probability, for at-rest initial condition, is obtained as [32]

Ppe(@) =1—-P[{n(h*;0,0,T) =0} =1 —exp (—/0 a(t; h*,B)dt> , (15)
7
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where a(t; h*,0) denotes the rate of out-crossing the safe domain at time ¢.

Let a=(t;—h*,0) and a™(t;h*,0) denote the rates of down- and up-crossings of the
process h(t,0,2) across the levels —h* and h*, respectively. These level-crossing rates
are given by the Rice formula [40]. The out-crossing rate across the safe domain is given
as a(t;h*,0) = at(t;h*,0) for a single-sided barrier, and «(t;h*,0) = o~ (t; —h*,0) +
a™(t; h*, 0) for a double-sided barrier. For a linear system subjected to a zero mean Gaussian
process excitation, the response process h(t, 8, ) is a Gaussian random process (this follows
directly from Eq. (2)). Furthermore, due to zero initial condition, the response process has
a zero mean. In this situation, o~ (¢; —h*,0) = ot (t; h*, 0) holds.

For the discrete-time system in Eq. (3), the level-crossing rates at the discrete time
points {tx,k = 1,...,np} are given by the expression [44, 28]

/1 — 2 h* B
Oé_(tk§ —h*70) = Oé+(tk; h*, 9) :UZ2 P22, ¢ (_) {¢ ( PZs7, ) 4
0z,
’ (16)

0z, 0z, Y/ 1-— ngle

pZ2Z1h* o pZZZ1h* }
071/ 1- ngZ12 071V 1- pZQZ12
where Z; and Z, are random variables that, respectively, denote h(t,0,E) and its time

derivative at ¢t = tj, oz, and oy, are, respectively, the standard deviations of Z; and Z,,
pz,z, 1s the correlation coefficient between Z; and Z, and ¢(-) is the standard normal
PDF. The statistics 0y,, 0z, and pz,z, are computed by direct analysis of Eq. (3). The
conditional first-passage probability in Eq. (15) can then be evaluated through the discrete-
time formulation as

PF|@(0) =1- exp (— nZToz(tk; h*, O)At) . (17)

k=2

Note that, although the Poisson approximation is a convenient way to calculate the con-
ditional first-passage probability, it is based on the assumption of independent out-crossings,
which is often not met by real-life response processes. An improved formula that approx-
imately accounts for the dependence between the out-crossing events is proposed in [46].
The improvement is derived primarily for stationary narrow-band Gaussian processes.

3.2. Monte Carlo simulation based on Importance Sampling

In view of the limitations of the analytical approximation presented in the preceding
section, we additionally consider an IS evaluation of the conditional first-passage probability.
Therein an IS density hz(£€|0), conditional on ©® = 0, is introduced, and the probability in
Eq. (12) is written as

Pro(®) = [ 14(0.6) € ) L he(elo)ic (19
8
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As mentioned before, the key challenge in the application of IS schemes lies in the selection

of an appropriate IS density that guarantees low variability of the IS estimator. For the
particular case of deterministic linear systems subjected to Gaussian process excitations, an
efficient IS density is proposed in [2]. This IS density is expressed as a weighted sum of
the conditional PDFs pz(&|Fi(0)) = p=(&)1{(0,€&) € Fr(0)}/P(F.(0)), which are the joint
PDFs of E truncated on the elementary failure domains Fy(0):

[l]

=
R
ey
S~—
m
-
)
—

h= €|9 Zwk b= €|Fk Zwk P[Fk(e)] . (19)

In Eq. (19), {wx(0),k =1,...,nr} are the normalized weights associated with the elemen-
tary failure events. The weights are chosen to be proportional to P [Fi(0)], i.e. wg(0) =

P[F.(0)] /> 771, P [F}(0)]. For single- and double-sided barriers, the probability of occur-
rence of F(0) is given by P [Fj.(8)] = P [F;7(6)] and P [F,(6)] = P [F;7(6)] + P [F, (9)],
respectively, where P [F}7(8)] and P [F, (8)] are as defined in Eq. (14). Upon substituting
the expression of Eq. (19) for hg(£]0) in Eq. (18), the following integral for the conditional
first-passage probability is obtained

. 1{(0.€) € F(0)}
Prie(8) =P(®) /6 ST 1{(6,€) € Fu(a)) = ¢

(20)
) 1
=F®) /SER”£ ZZL {(6.€) € Fi(0)}

Here P(6) = > ;L P[F;(0)] denotes the sum of the probabilities of the elementary failure

events. The second equality in the above equation is due to the fact that I{(0,&) € F(0)} =
1 for every sample & simulated according to hz(£|@). Estimation of the conditional first-
passage probability based on Eq. (20) requires samples of the vector Z distributed according
to the IS density hz(£|0). An algorithm for generating these samples is discussed in [2], and
is provided in Appendix A for completeness.

h=(£16)d€

4. First-passage probability considering random structural parameters

Estimation of the unconditional first-passage probability, considering both structural pa-
rameter uncertainties and random excitation, requires integration of the conditional failure
probability Ppie (@) over the whole domain of the PDF pg(@). This leads to the integral
Pr = [ycgne Prie(0)pe(6)d6, introduced earlier in Eq. (11). When the dimension of @ is
large, numerical integration is not feasible. In principle, one can estimate the integral by
direct Monte Carlo sampling, wherein independent samples {(8,7 = 1,..., Ng} are gener-
ated from the PDF pg(0). The associated conditional first-passage probabilities Prg(6")
are determined based on Eq. (20), and the unconditional first-passage probability Pg is

9
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estimated as the sample average of {PF|@(0i),z’ =1,..., NS}. Such an approach is efficient
only if the parameter uncertainty is low. For high parameter uncertainty, the variance of
Prpe(©) is large, and hence a large number of Monte Carlo samples are necessary to achieve
acceptable accuracy.

For the purpose of estimating the first-passage probability more efficiently, we introduce
an IS density he(0) for ®. The integral in Eq. (11) is modified to

Pr — / Prio(8)IW (8)he (6)d6. (21)

where W(0) = pe(0)/he(0) is the importance weight function. The density he(@) should

be tailored to generate more samples of ® from the ‘important region’, i.e. the region over
which the value of Prie(0)pe() is large, while ensuring a low variability of W (@). The
optimal IS density that guarantees this is given by the expression

h(6) = PiFPF@(e)p@(e» (22)

We use the CE method to construct an IS density he(@) that is a close approximation of
he(6).

4.1. Construction of importance sampling density for © by the cross entropy method

The CE method is an adaptive approach that determines a near-optimal IS density by
minimising the KL divergence between the optimal IS density hg (@) and a chosen parametric
family of distributions. Define a family of parametric densities he(€;v), where v € V is
the parameter vector. The KL divergence between h§(0) and he(0;v) is a measure of the
difference between the two PDFs, and is defined as [41]

D1 (6), he(6: 1)) = B, [m (h';?_g’;))] -
~ By, [In (h5(8))] — Eng, 1n (he (6;))].

It holds that D(hg(0), he(0;v)) > 0, with D(h§(0), he(0;v)) = 0 if and only if hg(0) =
he(0;v). The CE method aims at finding the parameters v* that minimize D(hg(0), he(0;v)),
i.e. it solves the following optimization problem:

v* = argmin D(hg(0),he(0;q)) (24)
qey
Since the parametric density appears only in the second term in Eq. (23), the above equation

is equivalent to
V" = argmax Epe [In (he (0;q))] . (25)

qeV

10
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Substituting hg(€) in Eq. (25) with the expression of Eq. (22), one gets

v = argrr]l/ax E,o [Prie(0)n (he (0;q))] . (26)
qc
The expectation in the above equation can be estimated using a set of samples {67 =

1,...,Ncg} from pg(@), which leads to the sample counterpart of the CE optimization
problem:

Nce
U= arggax Now ZZI Ppie(8")In (he (6% q)) - (27)

Obtaining a good sample approximation of Eq.(26) with Eq.(27) requires a considerable
number of samples in the high probability region of hg(0), i.e. a large fraction of the
samples {68,i = 1, ..., Nog} drawn from pe(8) should belong to the region where the value
of Prie(0)pe(0) is large. When Pr is small, this region has a small probability volume
under pe(@). This is illustrated in Fig. 1. Moreover, if the variance of Pre(@) is high,
he(0) < Prie(0)pe(0) differs significantly from pe(€). In these cases, solving Eq. (27) is
impractical, because a large number of samples would be required to obtain a good sample
approximation. To circumvent this problem, we solve the CE optimization using a multi-
level approach. We introduce a sequence of intermediate target densities h% (0),k =0,. .., L,
that start from pe(@) and gradually converge to the optimal IS density hg(€). The CE
optimization problem is solved sequentially for each intermediate target density, leading
to a sequence of parameter vectors {v* k = 1,...,L}. The ultimate goal is to have v*
close to v*, so that the IS density hg(0;vr) can be used to estimate Pp. This multi-level
approach has been extensively used within the CE method for rare-event simulation (see [41]
for the general methodology, and [25, 47, 15, 37| for applications in structural reliability). In
contrast to existing works, which utilize the CE method to estimate the expectation of the
indicator function I{@ € F'} (the failure probability), we utilize the CE mehod to estimate
the expectation of the (smooth) conditional probability Ppe(0).

To bridge the gap between the nominal density pg (@) and the optimal IS density hg(0),
we define the intermediate target densities {h&(0),k =0,...,L} as

1o (8) = - Prio(6)"po(6). (28)

where 0 =y <y <...<~vy,=1and Cy = fgeRne Prie(0)"pe(6)d is the normalization

constant of the k-th distribution in the sequence. Note that h% (6) = pe(0) and hk(0) =
hg(0). This distribution sequence, which is illustrated in Fig. 1, has been previously used
to derive sequential Monte Carlo approaches for sampling posterior distributions and for
estimating normalizing constants in the context of Bayesian analysis [33, 12, 7, 13, 10]. In
Eq. (28), {w%,k = 1,...,L} are smoothing parameters that define the smooth transition
between pe(0) and hg(0). The rationale is that although hg (@) can differ largely from
pe (), the change between two consecutive intermediate densities can be made small through
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Figure 1: Representation of pe(0) and h§ (0), where hg (0) peaks in the tail region of pe (). The figure also
shows the sequence of intermediate target densities that define a smooth transition from pg(6) to hg(0) in
the CE method.

an appropriate selection of the parameters {7y, k = 1,..., L}. This small change makes it
possible for the samples generated from h™(8), or a close approximation of k%' (8), to lie
in the region of high probability density of k% (6).

In the k-th step of the multi-level approach, we determine the parameter vector v* that
minimizes the KL divergence between h%(0) and the parametric density he(6;v). The
stochastic optimization problem to be solved at each intermediate level is thus given by

V" = argmin D(h(0), he(0;q))

qey
= argmax Ehlé [ln (h@ (9, q))]
q€ey
= argmax E,g [Prie(8)"In (he (0;q))] .

q€ey

(29)

The expectation in the objective function of Eq. (29) is estimated by IS, using a set of
samples {0, i = 1,..., Nog} distributed according to he(@; 2" 1), ¥*~! being the solution
of the optimization in the previous step. Hence, the importance sampling counterpart of the
optimization problem in Eq. (29) is given by

Nem
1 ~ ,
~k i ~k—1 i
V:armax—g Wi (0", v In (he (0";q)), 30
where W, (6.0"7") = Prie(0)™ —hef‘(’gé?_l). A default choice for hg(8;2°) is the nominal
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density of ©, i.e. hg(0;0°) = pe(0). Note that for k& > 2, "' minimizes the KL diver-
gence between hi1(0) and he(8;v), and, therefore, he(8; 0"') is a close approximation
of hi51(@). Typically, the objective functions in Eqs. (29) and (30) are convex and differen-
tiable with respect to q. Therefore, the optimization problem can be solved by setting the
gradient of the objective function to zero.

To ensure that each density h% (0), and hence the objective function in the corresponding
optimization problem, can be reasonably approximated using a limited number of samples
drawn from he(6; 191“71), we select the parameter v, adaptively such that the sample c.o.v.

5Wk of the weights {Wk (Oi, f/k*l) i=1,..., NCE} reaches a target value d0;4,4¢:. Hence, at
each intermediate sampling step one solves the optimization problem

N 2
Ve = argmin) (5Wk (7) - 5target> . (3]—)

YE(TK-1,1

We note that bounding the c.o.v. of the weights according to Eq. (31) is equivalent to

requiring that the number of effective samples (ESS) used to fit the parametric model takes
a target value [26]. The ESS is expressed in terms of the c.o.v. of the weights as ESS =
Nog/ (1+82, (7).

The sequential procedure is stopped when the smoothing parameter for the target density
at the current sampling step is equal to one. After convergence at the L-th step, the final
parameter vector »” is determined by solving the optimization problem in Eq. (30) with
vz = 1. The resulting density he(@; ") is the closest approximation of hi (@) for the
chosen parametric model based on the samples drawn from he(0; 2*™!), and it is taken as
the IS density for estimating the first-passage probability. Bounding the sample c.o.v. of
the weights according to Eq. (31) is equivalent to bounding the c.o.v. of the IS estimate of
the normalizing constant of the respective distribution in the sequence of Eq. (28) [35, 36].
For example, choosing dsq-get = 1.5, as suggested in [35], corresponds to a target c.o.v. of the
IS estimate of approximately 0.05 for Nog = 1000. Therefore, the applied stopping criteria
ensures that the c.o.v. of the IS estimate of the unconditional first-passage probability is
smaller than a certain target value.

Determination of the IS density for ® based on the above described procedure requires
repeated evaluations of the conditional first-passage probability Ppje (). One could evaluate
Prie(0) by IS according to Eq. (20). However, for the parameter vectors obtained by solving
Eq. (30) at each intermediate step to converge smoothly to the optimal parameter value,
the sampling variance of the estimates of Ppie(@) should be small. To ensure this, the
IS estimator of Prje(@) will require a large number of samples, which would significantly
increase the overall computational effort needed for CE optimization. Hence, we instead
evaluate Ppe(@) analytically by the Poisson approximation stated in Eq. (17). The IS
estimator of Ppg(@) is only applied once the final IS density for © is obtained. The
analytical approximation reduces the computational effort at the expense of accuracy, as
the fitted IS density may be sub-optimal. However, numerical studies show that the IS
density obtained based on this approach gives fairly accurate estimates of the unconditional
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Algorithm 1: Determination of IS density for ® by the CE method

input:

Sample size N¢og.

Choice of parametric density he(6; V).

Target c.o.v. of the weights at each intermediate step, dtgrget-
nitialization:

Set k = 0.
Select he(0; &%) as the nominal density pe(6).

=

repeat:

Set k =k + 1.

10 Generate independent samples {Oi,i =1,... ,NCE} from he(0; 25 71).

11 Evaluate the conditional first-passage probabilities {PF‘@(Bi),z' =1,...,N¢ E}
based on the analytical approximation stated in Eq. (17).

12 Compute the likelihood ratio {M 1=1,... ,NCE} for the random

h@(oi;f/kil) )

1
2
3
4
5
6
7
8
9

samples.

13 Solve the optimization problem in Eq. (31) to determine .

Note that the conditional first-passage probabilities and the likelihood ratios
computed in the previous steps are used to evaluate the sample c.o.v. of the

weights {Wk (Oi, f/k_l) ai=1,..., NCE}. Further simulations are not needed
in this step.

14 Determine " by solving the optimization problem in Eq. (30).
15 while v, < 1

16 output:

17 L =k, and he(0; ") = IS density for ©.

first-passage failure probability. The resulting procedure for determining the IS density for
© based on the CE method is described in Algorithm 1.

4.2. Estimator for the unconditional first-passage failure probability

Using the IS density for ® introduced in the previous section, the unconditional first-
passage probability Pr is obtained by computing the expectation of the conditional failiure
probability:

Pr— / Prio(0)po(6)d0
OcR™6

p@(O) ~L
= Prie(0)—2"he(0:07)d6
/eeR"e rie )h@(e;#) o(8:7%)

Substitution of the integral expression for Ppje(0) in Eq. (20) into the above equation yields

(32)
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P(0)
Pr = W(0) b he =(0,£)dEdd 33
) /BER"" /ﬁeR"'& {ZZL 1{(6,¢) € F.(0)} ( )} 0.2(0,€)d€do. (33)
where W(0) = 229 and he=(0,£) = h=(£]0)he(6; ") is the joint IS density of ©

he (8;07)
and Z. Here hg(£|0) is the IS density for E conditional on @ = 6 defined in Eq. (19),
and P(8) = 317, P [F,(0)] is the sum of the probabilities of the elementary failure events
{Fr(0),k =1,...,nr}. As discussed in Sec. 3.2, {P[Fr(0)],k=1,...,np} can be calcu-
lated analytically using Eq. (14). The IS estimator for Pp is expressed as

N

P — P(’) .
N 2; S I{(8,€) € Fk(ei)}W(e ) (34)

where {(Oi, fi) ai=1,...,N } are samples of the structural parameters and excitation dis-

tributed according to he =(0,€¢) = hz(£|0)he(8; ). The variance estimate of Pp is [27]

— a1 g P(6") R
Yl = 5 N;(zzzl{w%s@dekai)}W(e )) e @

The sample size N of the IS estimator determines the sampling c.o.v. of the probability

of failure estimates. In the present study, two choices for N are investigated. In the first
case, N is taken equal to Ngg, i.e. the number of sample employed in the intermediate
steps of the CE optimization problem. In the second case, N is adapted on the fly to ensure
that, in each independent simulation run, the estimator of the c.o.v. of PF, denoted by
b pps takes a value smaller than a prescribed threshold (5;;F. b} p, 18 given by the expression

b Pp = VAar(fA’F) / Pp, and is computed after every sample increment. We observed that the

variance of the estimator & p, 18 large, especially when N is small. To obtain a robust
convergence criterion, we check for convergence after every M, samples, wherein the average
of the previous mg values of ) pp» denoted by 04,4, is compared with 5;;F. This ensures that
davg has a gradually decreasing behaviour. Ideally, m, should be chosen smaller than or
equal to My. In the present study we take My = 100 and my = 25. The procedure to
estimate Pr using the adaptive approach is described in Algorithm 2.
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Algorithm 2: Implementation of IS estimator for Pr with adaptive choice of N

1 input:

2 Nominal density pe (@) and the IS density he(8; ") for ©.

3 IS density hz(£€]0) for 2 conditional on © = 6.

4 Number of sample increments M, after which convergence is checked.

5 The window length mg for averaging the values of 5 p, to check convergence.

6 Target value of the c.o.v. of Pp, 5};F.

7 initialization:

8 ‘ Set ¢ = 0.

9 repeat:

10 Set i =17+ 1.

11 Generate a sample 8" distributed according to he(8; ).

12 Generate &' distributed according to hgz(€|60") using the algorithm in Appendix
A.

13 Compute the dynamic response h (t, o', Ei) at the discrete time instants

{te, k =1,...,nr} using Eq. (3).
14 Evaluate the indicator functions {I {(Oi, 51) € F; (0’)} Jk=1,... ,nT}.

15 Compute the likelihood ratio W (01) = %.
® W

16 Compute P (6) = %T: P [F; (0°)], where P [F}, (0")] is evaluated using Eq. (14).
k=1
N P (67)
17 ompute I'p i ]21 Zill{(0]7£ﬁ> €F, (9])}

W (67).

18 Compute

S BN P(#) ) b

j=1
19 if ¢ mod My = 0 then

20 Compute the sample average 64,y = mi > ) pp(J)-

21 end
22 while ¢ < My or dgy9 > 0%
Pg

23 output:
24 ‘ N =i, and Pp = estimate of the first-passage probability.

386

387

388

389

4.3. Choice of the parametric density in the cross entropy method

In this section, we discuss the choice of the parametric distribution family heg(6;v).

Typically, heg(0;v) is chosen such that it contains the nominal density pe(@). It is recalled
that @ = {Oy;...;0,,} is the vector of basic random variables that model the uncertain
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structural parameters. In reliability analysis, it is common practice to consider the compo-
nents of ® are independent and standard normally distributed. If the structural parameters
are mutually dependent and (or) follow a non-Gaussian distribution, they can be generated
by an iso-probabilistic transformation of independent standard normal random variables
[18, 14]. Therefore, without loss of generality, we assume that @ is an ng-dimensional stan-
dard normal random vector, i.e. pe(0) = [[;%,pe,(0;), where for every j, pe,(f;) is a
one-dimensional standard normal PDF for ©;.

4.8.1. Multi-variate normal distribution

A standard choice of the distribution family is the multi-variate normal distribution
[25, 41, 15]. This parametric family is completely described by its first two (joint) mo-
ments, the mean vector p and the covariance matrix 3. The unknown parameter vector
to be determined by CE optimization is thus given by v = [ X]. This leads to a total
of ng(ne + 3)/2 scalar parameters to be estimated at every sampling iteration of the CE
method. The multi-variate normal distribution belongs to the exponential family, for which
an analytical solution to the optimization problem in Eq. (30) can be derived [41]. Sub-
stituting he(0;v) = N(0;u,X) in Eq. (30), and setting the derivative of the objective
function with respect to v equal to 0, yields the following parameter updates:

ﬂk — Zi\iClE QZfW/k (017 ﬁk_l) (36)
ST W (61,057

G _ S W (0154 (0 — i) (0 ) 31
N S Ner W (6, 0P (87)

The number of parameters in the multi-variate normal distribution increases quadratically

with ng. This results in a rapid increase in the number of samples per level required to obtain
a good estimate of the optimal parameter values. Therefore, the CE method with multi-
variate normal densities performs poorly in high dimensional problems, i.e. in problems
where the number of basic random variables representing structural parameter uncertainties
is large.

4.3.2. von Mises-Fisher-Nakagami distribution

An alternative choice of the parametric density that is more suitable for high dimensions
is the von Mises-Fisher-Nakagami (vMFN) distribution, as proposed in [37]. This distri-
bution model is defined in terms of the polar coordinates of the standard normal random
vector ®. The polar representation of © is given by

© = RA, (38)

where A is a random unit vector uniformly distributed on the ng-dimensional unit hyper-
sphere and R is a scalar random variable, independent of A, that follows the chi-distribution

17



421

422

423

424

425

426

427

428

429

430

431

432

433

434

435

436

437

438

439

440

441

442

443

444

445

with ng degrees of freedom. The sample pair {r a} represents the radius and direction of a
corresponding standard normal sample 6.
The vMFEN distribution in polar coordinates is given by [37]

fVMFN([T CL], M, R, 1T, Q) = fN(T; m, Q)vaF(au M, ’%)‘ (39)

Here four(a;p, k) is the PDF of the von Mises-Fisher distribution and fx(r;m, ) is the

PDF of the Nakagami distribution. foyr(a; p, k) is defined in terms of the mean direc-
tion p (with ||p|| = 1) and the concentration parameter x > 0, which characterizes the
concentration around p, and is given by

Sour(@; p, £) = Cpy (k) exp (k" @). (40)

ng _
Here C,,, (k) = % is the normalizing constant, and I} denotes the modified Bessel
2m) 2 ng (K
2
function of the first kind at order k. fx(r;m, ) is defined in terms of a shape parameter
m > 0.5 and a spread parameter Q > 0. fx(r;m, ) is given by

In(rsm, Q) = Wr2m_1 exp (—%72), (41)

where I'(k) is the gamma function. The nominal density of the polar coordinates in the
ne-dimensional @-space is retrieved by setting [u,x,m, Q] = [a,0, "2, ng], where a is an
arbitrary direction.

When the vMFN distribution is used within the CE method, the unknown parameter
vector to be estimated by CE optimization is given by v = [u, k, m, 2]. Here all parameters
are scalar-valued, with the exception of u, which is a vector of dimension ng. Thus, the total
number of parameters to be estimated at each sampling iteration is ng + 3, which increases
only linearly with ng. The parameter updates at each step are obtained by substituting
he(0;v) = fourx([r al; 1, k,m, Q) in Eq. (30), and equating the derivate of the objective
function with respect to v to 0. This leads to closed-form analytical updating rules for p
and €2, which are given by

NcE 17 i1 ~k—1 7\ 2
Qk _ Zi:lNW]i\(/r a '7’{ A;) Er ) (42)
Do Wy (r’aﬂ, v )

e Zl]\;CiE ai’m‘}k (,,,iai’ I)kfl)
ISNSE @i, (riad, ") |

The updating rules for x and m cannot be derived analytically in closed-form, they require

(43)

the solution of a non-linear equation [47, 8]. One could use a numerical scheme, such as
the Newton-Raphson method to determine these parameters. However, in order to have an
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efficient updating process, we employ an approximate solution of the resulting non-linear
equation to update k and m. The approximate updating rule for the concentration parameter
r of the von Mises-Fisher distribution reads [6]

3

o Xito o (44)
where y is defined as
(ISR @' W (a2t
X = min New oo i k-1 y Xmaz |- (45)
SoiGE Wi (rat, o)

with Xmee < 1 typically selected as Y = 0.95. The shape parameter m of the Nakagami

distribution is approximated with the inverse normalized variance estimator [1, 23]

mk = (Qi (46)
g — (k)2
where 4 is defined as
New T (rigi ph—1) ()4
) W 1 7
/.1/422221 k(ra’7V )(T) ] (47)

YN Wy (rial, 041

4.3.3. Remark on the use of mixture models as the parametric density

When the failure domain is complex or has multiple design points in the structural
parameter space, the uni-modal parametric densities described above may not be flexible
enough to fit the complex shape and orientation of the optimal IS density. In such cases,
a multi-modal model for the parametric density he(@;v) is required. Implementation of
the multi-modal counterpart of the two aforementioned distribution models, including the
associated parameter updates, is described in the literature (see [25, 15] for studies on multi-
variate normal mixtures and [47, 37| for studies on the vMFN mixture model). However, for
the numerical examples considered in this paper, a uni-modal choice of hg(0; V) is sufficient.
Hence, multi-modal parametric densities are not investigated further here.

5. Numerical illustrations

The performance of the proposed CE-based importance sampling (CEILS) method is
demonstrated by means of two numerical examples: the first considers a single degree-of-
freedom (DOF) linear oscillator subjected to a stationary Gaussian white noise (GWN); and
the second considers a 10-DOF linear structure excited by a filtered non-stationary Gaussian
excitation. The second problem is one of the benchmark reliability examples studied in the
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existing literature [42]. In the first example, the structure has two uncertain parameters.
Since the problem is low dimensional with respect to the number of uncertain structural
parameters, the multi-variate normal distribution is chosen as the parametric density for
implementing the CE method. The second example demonstrates the performance of the
method in a setting where the dimension of the structural parameter uncertainty is high.
Both choices of the parametric density, namely, the multi-variate normal distribution and
the vMFN model, are implemented and their relative performance is investigated.

In the CE optimization step, the target c.o.v. of the weights for the intermediate dis-
tributions is set to darger = 1.5. Recall from Sec. 4.2 that the sample size N in the final
reliability estimation step is either fixed or chosen adaptively on the fly. In the subsequent
sections, the following nomenclature is used to denote the choice of N as well as the choice
of the parametric density within the CE method:

e CEIS-mvn-fixN denotes the estimator with a fixed N, equal to the number samples
per level of the CE optimization, and the multi-variate normal distribution as the
parametric density.

e CEIS-vMFN-fixN is same as above, but uses the von Mises-Fisher-Nakagami distribu-
tion as the parametric density.

e CEIS-mvn-adap and CEIS-vMFN-adap are the variants of the above estimators where
N is chosen adaptively to ensure that the sample estimate of the c.0.v. of Pr in each
independent simulation run is smaller than a prescribed threshold 5}"5 .

F

We measure the performance of the proposed method in terms of the sample mean and
c.0.v. of the estimates of the probability of failure and the total computational effort needed
to obtain the estimates. In the subsequent sections, these performance measures are de-
noted by PF, 5};F and Nrp, respectively. The main computational effort lies in computing
the dynamic system response, which requires evaluation and post-processing of the impulse
response function. The number of evaluations of the impulse response function is chosen
as the measure for the computational cost. In the considered examples, the dimension of
the input excitation is [ = 1. Hence, each evaluation of the impulse response function re-
quires one dynamic analysis. The impulse response function of the critical response needs
to be evaluated for every sample realization 8 of the uncertain parameter vector ®. During
CE optimization, the impulse response function is post-processed to determine the Poisson
approximation of the conditional first-passage probability Ppje(@). In the reliability esti-
mation step, the impulse response function for every sample 0 is convoluted with a sample
realization of the input excitation to obtain a realization of the response time-history, which
is subsequenly used for evaluating the IS estimator for Pr in Eq. (34). In Tables 1-6, the
computational effort, i.e. the number of evaluations of the impulse response function, for
finding the optimal IS density of the structural parameters by CE optimization and that
for reliability estimation by IS are noted separately within parenthesis. The performance
measures are estimated from 100 independent simulation runs. The reference values for the
failure probabilities of Examples 5.1 and 5.2 are evaluated with large-scale DMC simulation.
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The reference solution is denoted by Prpucs in Tables 1-6, and the associated c.o.v. given

_ [/1-Prpmcs -
by 5PF,DMCS = m is also noted.

5.1. SDOF oscillator under stationary Gaussian white noise

Consider a single degree-of-freedom (DOF) oscillator with natural frequency w and damp-
ing ratio n subjected to white noise excitation:

X(t) + 2nwX (t) + w2 X (t) = f(t) (48)

The system is assumed to start from rest, i.e. X(0) = 0 and X(0) = 0. The structural

parameters w and n are modeled as a pair of independent lognormal random variables. w
has mean 27 rad/s and standard deviation 0.27 rad/s, and 1 has mean 0.05 and standard
deviation 0.005. The structure is subjected to a stochastic force f(t) of duration 7" = 20s,
which is characterized as a zero mean Gaussian white noise with auto-correlation function
(f(t)f(t+7)) = I16(T). Here I denotes the intensity of the white noise, which is taken equal
to 1 m?/s3. Failure is defined as the maximum value of the displacement X (t) exceeding
a threshold h* within the time span [0,7]. The response of the structure is computed at
the discrete time instants {t, = (k — 1)At,k = 1,...,nr}, where the time step size is
assumed to be At = 0.01s. Hence, the number of time instants is np = 2001. The random
vector B characterizing f(t) consists of the sequence of ii.d. standard normal random
variables {Zy,k = 1,...,nr} that generate the white noise at the discrete time instants, i.e.

{ £t 8) = VI/AE k=1, np ).

The sample mean and c.o.v. of the estimates of the first-passage probability for different
h*, as well as the average computational effort needed to obtain the estimates with the
proposed CEIS method, are reported in Table 1. The simulation results are obtained using
the multi-variate normal distribution as the parametric density. A sample size of Nog = 500
samples per level is employed to solve the CE optimization problem. The estimates from
the adaptive variant of the IS estimator (CEIS-mvn-adap) correspond to (5;‘5F = 0.05. The

reference value for the probability of failure, also shown in Table 1, is computed from 108
DMC samples. The sample mean value of the probability estimates obtained using the
proposed estimators compare well with the reference solution. There is a small under-
estimation for the case h* = 1.1m, which might well be due to the sampling variance of the
reference solution. The required computational effort for CE optimization shows that the
average number of sampling iterations increases as the failure probability becomes smaller.

A parametric study is conducted to investigate the effect of the number of samples per
level on the performance of the CEIS method. To this end, values of Ngg in the range
100-1000, and (5;‘5F = 0.05 and 0.025 are considered. For different values of Nog, the sample
means of the probability of failure estimates across all threshold levels h* are similar to the
values in Table 1, and hence are not reported. Fig. 2 shows that the sample c.o.v. § p,. and
the total computational effort Ny change significantly for varying Neog. The dotted lines
in Fig. 2 indicate the average computational effort needed to solve the CE optimization
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Table 1: Failure probability estimates for Example 5.1 using CEIS-mvn-fixN and CEIS-mvn-adap with

Neogp = 500. Results from CEIS-mvn-adap obtained with 6;‘5F

large-scale DMC simulation.

= 0.05. Reference solution obtained from

h* (m) CEIS-mvn-fixN CEIS-mvn-adap DMC (N = 108)
Pr 5p, Nr Pr 0p, N Pepymes 0P pues

0.7 1.81 x 1072 0.040 1595 1.81 x 1072 0.046 1476 1.82 x 1073 0.002
(1095 + 500) (1110 + 366)

0.8 2.74 x 107*  0.037 1910 2.73 x 107*  0.046 1763 2.80 x 1074 0.006
(1410 + 500) (1440 + 323)

0.9 4.00 x 107°  0.058 2045 3.91 x 1075  0.048 1878 4.08 x 1075 0.016
(1545 + 500) (1560 + 318)

1.1 7.80 x 1077 0.040 2485 7.78 x 1077 0.043 2332 9.06 x 1077 0.105

(1985 + 500)

(2035 + 297)

problem for different values of Nog. The difference between the vertical coordinates of
the solid lines and the dotted line is the average computational effort required in the final
reliability estimation step. The optimization effort increases monotonically with Nog. For
the estimator CEIS-mvn-fixN, an increase in Ngg also implies an increase in the sample
size of the IS estimator, and hence we observe an increase in the total computational effort
and a decrease in the sampling c.o.v. of the probability estimates. In case of the estimator
CEIS-mvn-adap, we observe that the computational effort N7 initially decreases before
increasing. This behaviour is more pronounced for 5* = 0.025. The reason for this is the

number of effective samples (ESS) that are avallable for fitting the parametric density in
every sample iteration of the CE method. For a fixed value of d4yget, the ESS decreases with
decrease in the number of samples per level. Hence the parameter vector determined by CE
optimization using a small Ngg is sub-optimal in comparison to that obtained using higher
values of Ngp. Consequently, a larger number of samples are required during reliability
estimation to meet the prescribed 5* . The increase in the sample size in the final step
increases the overall computational effort As N¢g increases, we obtain improved estimates
of the parameter vector, and the number of samples needed for reliability estimation starts
decreasing. Beyond a certain value of Ngg, which for this example is Nop = 250, the
sample size required in the IS estimator becomes nearly constant. This indicates that the
parametric density fitted using 250 samples per level is sufficiently optimal, and a further
increase in the number of samples per level does not give any additional advantage. As
expected, the sample c.o0.v. of the estimator CEIS-mvn-adap remains close to the prescribed
threshold 5* for different values of Ngg. Finally, Fig. 2 demonstrates that the total
computatlonal effort required by the estimator CEIS-mvn-adap to achieve a sample c.o.v.
of 0.025 is approximately half of that required by the estimator CEIS-mvn-fixN. Hence, if
the goal is to ensure that the IS estimates of the failure probability achieve a given level of
c.0.v., using the adaptive variant of the estimator is computationally more efficient.
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Figure 2: Variation in the total computational effort Ny and the sample c.0.v. § p, for different values of
Ncep in Example 5.1. The rows corresponds to the threshold levels (a) h* = 0.7m; (b) A* = 0.8m; (c)
h* = 0.9m; (d) A* = 1.1m. Note that the dashed line does not reflect Np, but the computational effort
needed only for CE optimization. The values corresponding to CEIS-mvn-fixN are plotted.
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5.2. 10-story linear frame under filtered non-stationary Gaussian excitation

The second example considers a ten-story linear structure with uncertain material prop-
erties and subject to a stochastic ground acceleration. This system has been studied in [42].
The structure is idealized as a 10-DOF mass-spring-dashpot system with lumped masses
{m;,i = 1,...,10}, inter-storey stiffness coefficients {k;,i = 1,...,10} and damping ratios
{n;;i=1,...,10}. The governing equation is given by

MX (1) + CX(t) + KX (t) = {mq, ..., mio} " f(t), (49)

with initial conditions X (0) = 0 and X (0) = 0. In Eq. (49), X () = {X1(t),..., X10(t)}"
is the displacement vector, where X;(t) denotes the relative displacement between the i-th
floor and the support, and M, C and K are the mass, damping and stiffness matrices which
are, respectively, given by

my 0 0 ... O
S (50
0 ... 0 0 mio
cp+cy  —cy 0 o 0
C— —Co Co+cCc3 —cC3 e 0 (51)
0 N 0 —C10 Ci10
ki +ky  —ko 0 .. 0
K — —.k’2 ko + ks —.163 . 0 (52)
0 Ce 0 _kll) klO

The damping coefficients in Eq. (51) are defined as {¢; = 2n;v/m;k;, i = 1,...,10}.
The random support excitation f(t) in Eq. (49) is modeled by a modulated filtered
GWN:

f(t) = wizg(t) + 2ngwaiq(t) — ngg(t) — 2ngwydy(t), (53)
where {z4(t) @q(t) z4(t) 2,(t)}" are the states of the filter defined by the linear system

Id(t) + 277dwdj:d(t) + wﬁxd(t) = N(t)
Eg(t) + 2ngwgiy(t) + wiay(t) = 2nawata(t) + wiza(t) (54)
24(0) =0, ©4(0) =0, x,4(t), 24(0) =0.

In the above equation, N(¢) is a GWN with zero mean and auto-correlation function

(N()N(t + 7)) = Ie*(t)6(7). Here I denotes the intensity of the white noise, and e(t)
is the modulating function given by
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for t < 0s
for Os <t < 2s

for 2s <t < 10s (55)

exp(—0.1(¢t — 10)) for t > 10s

The numerical values of the filter parameters are assumed to be wy; = 15 rad/s, ng = 0.8,

w, = 0.3 rad/s and 1, = 0.995, and the white noise intensity is taken as I = 0.08 m?/s®. In-
dependent normally distributed impulses with zero mean and standard deviation e(tg)v IAt
are applied to the filter at each discrete time steps {tx,k = 1,...,nr}. The duration of the
excitation and the sampling interval are taken as T = 20s and At = 0.005s, respectively.
Therefore the total number of random variables required to characterize the uncertain exci-

tation is 4001.

In addition to the uncertainty in the input excitation, the structural parameters m;, n;
and k;, @ = 1,...,10 are assumed to be uncertain and are modeled as random variables. The

following two cases are considered.

e Case 1: the stiffness coefficients {k;;i = 1,...,10} are modeled by independent

Gaussian random variables. The lumped masses {m;,i = 1,...,10} and damping
ratios {n;,7 = 1,...,10} are assumed to be deterministic with their values set to
my =---=my = 10 Mg and 7, = --- = 119 = 0.04, respectively.

e Case 2: in addition to {k;,i =

1,...,10}, the parameters {m;,i = 1,...,10} and

{ni,;i = 1,...,10} are modeled by independent Gaussian random variables. This
setting corresponds to Case 2 of Problem 2 considered in [42].

The statistical properties of the uncertain structural parameters in Cases 1 and 2 are listed
in Table 2. It is noted that Gaussian random variables for structural properties are censored
when the deviation from the mean exceeds five times the standard deviation.

Table 2: Statistical properties of the uncertain structural parameters in Example 5.2.

Parameters Distribution Mean Standard deviation
Case 1 ki, ko, k3 censored Normal 40 MN/m 4.0 MN/m
kq, ks, ke censored Normal 36 MN/m 3.6 MN/m
k7, ks, kg, k1o censored Normal 32 MN/m 3.2 MN/m
my, -+, Mo Deterministic 10 Mg —
M, 5710 Deterministic 0.04 -
Case 2 ki,..., k1o censored Normal same as in Case 1
mi,...,myo censored Normal 10 Mg 1.0 Mg
M-y 710 censored Normal 0.04 0.004

In both cases, two response quantities are considered: (i) the first floor displacement,
given by hy(t,©,E) = X;(t), and (ii) the inter-storey drift between the ninth and the tenth
floors, given by hq(t,©,E) = X10(t) — Xo(t). The objective is to determine the probability
that the maximum value of a response h;(t, @, E) exceeds a prescribed threshold h} over the

time interval [Os 20s].

25



617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

633

634

635

636

637

638

639

640

641

642

5.2.1. Case 1: 10 uncertain structural parameters

The structural system in this case comprises 10 uncertain parameters {k;,i = 1,...,10},
which are modeled as independent normal variables with statistical properties shown in
Table 2. The CEIS method is implemented using the multi-variate normal distribution that
has a total of 65 scalar parameters for ng = 10, and the vMFN model that has 13 scalar
parameters.

The simulation results for A} = 0.052m and hj = 0.01m, obtained using the estimators
CEIS-mvn-fixN and CEIS-vMFN-fixN, are reported in Tables 3 and 4, respectively. These
results illustrate the effect of varying the number of samples per level on the performance of
the method. While using the vMFN model within the CEIS method results in sufficiently
accurate estimates for any value of Nog, the sample means of the estimates obtained using
the multi-variate normal distribution deviate significantly from the reference solution for
Neg = 125, In terms of the c.o.v. of the estimates 6]5F, the estimator CEIS-vMFN-fixN
is superior for sample sizes lower than 1000 samples per level. In case of the multi-variate
normal distribution the CE optimization problem requires additional steps to converge. This
results in a larger computational effort Np for the estimator CEIS-mvn-fixN. The perfor-
mance gap between the two estimators reduces with increase in the number of samples per
levels, and with Nogp = 1000 both approaches give comparable results. The poor perfor-
mance of the multi-variate normal distribution is due to the larger number of parameters
that are required to be updated in every sampling iteration of the CE method. For a small
NcE, the available number of effective samples per level is insufficient to obtain an adequate
estimate of the optimal parameter values during CE optimization.

Table 3: Failure probability estimates for Example 5.2-Case 1 for A} = 0.052m. Comparison between the
estimators CEIS-mvn-fixN and CEIS-vMFN-fixN. Reference probability of failure obtained from 106 DMC
samples is PF,DMC’S = 3.88 x 10_4(6PF,D1\/[CS = 0.051).

Ncg CEIS-mvn-fixN CEIS-vMFN-fixN
Pp 3p,. Nr Pp 3p,. Nr
125 1.70 x 10~* 0.821 653 3.84 x107* 0.165 406
(528 + 125) (281 + 125)
250  3.66 x 10~* 0.200 1178 3.82x107% 0.115 805
(928 + 250) (555 + 250)
500 3.82x107% 0.134 1800 3.79 x 107%  0.079 1540
(1300 + 500) (1040 + 500)
1000 3.79 x 107%  0.053 3180 3.78 x 107%  0.060 3020

(2180 + 1000)

(2020 + 1000)

We investigate the performance of the adaptive variant of the IS estimator for different

sample sizes per level.
with Nep = 250, 500, 1000, and (5*

The results from CEIS-mvn-adap and CEIS-vMFN-adap obtained
= 0.05 are reported in Table 5. With 250 sam-

ples per level, the CEIS method usmg the multi-variate normal distribution fails to con-
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Table 4: Failure probability estimates for Example 5.2-Case 1 for h5 = 0.0lm. Comparison between the
estimators CEIS-mvn-fixN and CEIS-vMFN-fixN. Reference probability of failure obtained from 106 DMC
samples is PF,DJVICS =1.27 x 1073(6PF,DAICS = 0028)

Neg CEIS-mvn-fixN CEIS-vMFN-fixN
Pr 5p, Nr Pr Sp,. Nr
125 221 x 1073 7.135 644 1.21 x 102 0.205 404
(519 + 125) (279 + 125)
250 1.18 x 10~2% 0.237 1135 1.22 x 1073 0.111 783
(885 + 250) (533 + 250)
500 1.23x107% 0.104 1755 1.21 x 1073 0.063 1540
(1255 + 500) (1040 + 500)
1000 1.25x 10™%  0.053 3090 1.22 x 1073 0.054 3000
(2090 + 1000) (2000 + 1000)

verge to the prescribed (5;;F, even after expending considerable computational effort. For
Neg = 500 and 1000, the estimator CEIS-mvn-adap requires greater computational effort
to converge in the final reliability estimation step. The sample mean and c.o.v. of the
probability estimates Pr obtained using the two estimators are comparable.

Table 5: Failure probability estimates for Example 5.2-Case 1 using CEIS-mvn-adap and CEIS-vMFN-adap.
Results obtained with (5};F = 0.05.

CEIS-mvn-adap CEIS-vMFN-adap
PF 615F NT PF 61617 NT
Neg = 250 - - - 3.73x 107* 0.050 1690
(550 + 1140)
e — 0.05om Noe =500 3.74x 107*  0.061 2622 3.77x 107*  0.053 2144
1 (1230 + 1392) (1045 + 1099)
Nep =1000 3.78 x 107*  0.050 3430 3.78 x 10~*  0.051 3062
(2240 + 1190) (2020 + 1042)
Neg = 250 - - - 1.22 x 1072 0.044 1682
(543 + 1139)
e — 0010m Noe =500 1.23x 1073 0.049 2722 1.22 x 1073 0.050 2048
2= (1250 + 1472) (1020 + 1028)
Nep =1000 1.22 x 1073 0.051 3190 1.22 x 1073 0.046 3012
(2080 + 1110) (2000 + 1012)

Fig. 3 shows the variation in the total computational effort N; and the sample c.o.v. § Pr
of the estimators CEIS-vMFN-fixN and CEIS-vMFN-adap for different number of samples
per level. The results from CEIS-vMFN-adap are obtained using 5;*5F = 0.05 and 0.025.
For the estimator CEIS-vMFN-fixN we observe an increase in N and a decrease in 515F
with increasing values of Ngp. For the estimator CEIS-vMFN-adap with 5}2F = 0.025,
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the computational effort required to obtain the probability estimates using Nogp = 125
is significantly higher compared to that using Nogp = 250. The required computational
effort with (5}’;F = 0.05 remains nearly constant for Nogp = 125, 250. For both values of
5* o @ gradual increase in Np is observed for Nog > 250. The sample c.o.v. 515F of the
estlmator CEIS-vMFN-adap remains close to the prescribed values of 5* for all values of
Ncg. These results are consistent with the ones of Fig. 2 of Example 5.1. Fmally it is noted
that the estimator CEIS-vMFN-fixN requires a total computational effort of approximately
N7 = 3000 to achieve a sample c.o.v. of approximately 0.05 for both considered thresholds.
The estimator CEIS-vMFN-adap achieves this sample c.0.v. with an approximate effort of
N7 = 1690 for both response thresholds, and hence is more efficient.

( ) hi = 0 052m
8000 0.16
7000 - 014
6000 - 012
& L SN
< 5000 &0

4000 - v 0.08F

3000 - 0061 g

2000 - 0.04 - A
1000 0.02 -

0 i L L L L L
125 250 500 1000 125 250 500 100C
(b) h5 = 0.010m
6000 A\ ‘ — T £ 014t
K )
5000 - % 012+
£ 4000 - & 01F
]
A L
3000 - Lo 008
0.06 -
2000 - 004
1000 0.02
0 : ‘ ‘ ‘ ‘ ‘
125 250 500 1000 125 250 500 100C
NcEe NcEe

—— CEIS-vMFN-fixN

—©— CEIS-vMFN-adap with 5}‘5}‘ =0.05

—A— CEIS-vMFN-adap with E;F =0.025
Computational effort for CE optimization

Figure 3: Variation in the total computational effort Ny and the sample c.o.v. dp  for different values of
N¢g in Example 5.2-Case 1. The rows corresponds to the threshold levels (a) hi = O 052m (b) A3 = 0.010m.
Note that the dashed line does not reflect Np, but the computational effort needed only for CE optimization.
The values corresponding to CEIS-vMFN-fixN are plotted.

5.2.2. Case 2: 30 uncertain structural parameters

In this case, the parameters {m;, k;,n;,7 = 1,...,10} are modeled as independent nor-
mally distributed random variables with statistical properties shown in Table 2. The dynam-
ical system thus comprises of ng = 30 uncertain structural parameters. Choosing the multi-
variate normal distribution as the parametric density leads to a total of ng(ne +3)/2 = 495
scalar parameters that need to be estimated at every sampling iteration of the CE method.
In order to obtain sufficiently accurate estimates of the failure probability, the number of
samples per level Nog should be chosen such that an adequate number of effective samples
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(ESS) are available for fitting the parametric model. The required ESS depends on the num-
ber of parameters to be estimated. In [37] it is discussed that an ESS of approximately 1.5
times the number of parameters is a good choice. For a multi-variate normal distribution in
30 dimensions, this leads to a required sample size of Nog Z 2400. Using such large sample
size per level is inefficient. Therefore, for this case, the vMFN distribution is chosen as the
parametric density in the CE method. The vMFN model has ng + 3 = 33 parameters and
gives fairly accurate estimates with Nog g 165.

The simulation results for A = 0.057m, 0.073m and h} = 0.013m, 0.017m obtained
using the estimators CEIS-vMFN-fixN and CEIS-vMFN-adap with Nog = 250 are reported
in Table 6. The results from CEIS-vMFN-adap are obtained using 5}F = 0.05. The reference

solution obtained from 3.5 x 10" DMC samples is also shown in the table. The dynamic
system in Case 2 is one of the benchmark examples considered in [42]. Hence results from
other existing variance reduction methods are available for this case. These results are also
reported in Table 6. The following nomenclature is used to denote the alternative methods:
SubSim/MCMC denotes subset simulation with Markov chain Monte Carlo, SubSim/Hybrid
denotes hybrid subset simulation, CMA denotes importance sampling using approximate
representations of performance functions, S* denotes spherical subset simulation and LS de-
notes line sampling. The results show that the sample mean of the probability estimates
obtained using the proposed methods are broadly comparable with that obtained using other
variance reduction schemes. The CEIS-vMFN-fixN and CEIS-vMFN-adap methods signifi-
cantly outperform SubSim/MCMC, SubSim/Hybrid and S? in terms of the sample c.o.v. of
the estimates and the computational effort. The estimates obtained using CMA and LS have
smaller variability and require smaller computational effort. It is noted that the superior
performance of CMA and LS comes at the expense of reduced robustness. These methods
make use of certain algorithmic parameters for reliability estimation, whose selection re-
quires prior knowledge of the system behaviour and possibly additional investigations. LS
requires specification of an important direction to sample from, which corresponds to the
important region of the failure domain. CMA uses IS to estimate the failure probability,
wherein a pseudo-design point needs to de identified to generate the sample density. The de-
sign point is further used to obtain an approximate representation of the dynamic response
in terms of the uncertain structural parameters. Such an approximation can also lead to a
bias in the reliability estimates. In this regard, the proposed CEIS method is advantageous
as it is completely adaptive, requires no system specific information, and can be utilized as
a black-box method.

Fig. 4 demonstrates the variation in the total computational effort and the sample
c.o.v. of the estimator CEIS-vMFN-adap for different number of samples per level. The
observations are broadly similar to that in Fig. 3. The results in Fig. 4 show that if the target
C.0.V. (5}*5F is about 0.1, one could expect to get satisfactory results with a total computational
effort of approximately 1000 samples, i.e. 125-250 samples per level. Moreover, it is observed
that even with 125 samples per level, CEIS-vMFN-fixN and CEIS-vMFN-adap outperform
other sampling approaches like SubSim/MCMC, SubSim/Hybrid and S3.
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Figure 4: Variation in the total computational effort Ny and the sample c.0.v. § p, for different values of
N¢p in Example 5.2-Case 2. The rows corresponds to the threshold levels (a) kT = 0.057m; (b) 2T = 0.073m;
(¢) hd = 0.013m; (d) h5 = 0.017m. Note that the dashed line does not reflect Np, but the computational
effort needed only for CE optimization. The values corresponding to CEIS-vMFN-fixN are plotted.
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6. Concluding remarks

We develop an adaptive importance sampling method to estimate the first-passage proba-
bility of uncertain linear structures subjected to dynamic loads modeled by Gaussian random
processes. The main novelty lies in the construction of an effective IS density for the uncer-
tain structural parameters, which is accomplished using the multi-level CE method. In the
multi-level approach, the CE optimization is solved sequentially for a series of intermediate
target densities that gradually approach the optimal IS density of the uncertain parameters.
The distribution sequence is constructed by introducing a smoothening of the first-passage
probability conditional on the uncertain parameter vector. During CE optimization, the
conditional first-passage probability is evaluated using an analytical approximation. This
approach significantly reduces the computational effort needed for optimization, without
compromising much on accuracy. The IS density of the uncertain structural parameters is
finally combined with an efficient IS density for the random excitation proposed in [2] to
estimate the first-passage probability.

The sample size in the IS estimator of the failure probability is chosen using two ap-
proaches. In the first case, the number of samples is fixed to a certain value, and in the
second case the sample size is chosen adaptively on the fly to ensure that an estimate of the
c.0.v. of the IS estimator is less than a specified threshold. Results from numerical exam-
ples demonstrate that for achieving a desired level of the sample c.o.v. of the probability
estimates, the adaptive variant of the estimator is computationally more efficient. Imple-
mentation of the CE method requires specification of a parametric density. In the present
study, the multi-variate normal distribution is used when the number of uncertain structural
parameters is small, while for high dimensional problems the von Mises-Fisher-Nakagami
distribution is employed. The numerical studies show that the proposed IS method performs
significantly better than other sampling-based approaches in terms of the sample c.o.v. of the
estimates and the computational effort. Furthermore, the proposed approach is a black-box
method that requires no prior investigations of the dynamical system.

Two different directions of future research are envisioned. The first involves investigating
how the proposed line of work can be extended to problems of system reliability analysis,
where failure of the structure is expressed in terms of multiple component level first-passage
events. The second involves determining if the proposed approach can be further developed
to estimate the reliability of non-linear structures.
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ss Appendix A. Sample generation from the IS density hz(£|0) in Eq. (19)

844 The steps for generating a sample & distributed according to the IS density h=(&|0)
sss defined in Eq. (19) are summarized in Algorithm 3. The algorithm is as proposed in [2].

Algorithm 3: Sample generation from the IS density h=(£|60)

1 input:

2> | Weights of IS density h=(£]0): {wk(O) = P[F(0)]/ X207, P [F;(0)] .k = 1.. }
The probabilities of the elementary failure events {Fy(0),k =1, ... ,nT} are
calculated analytically based on Eq. (14).

3 Design points associated with the boundaries of the elementary failure events:
{E};( )=h" ”:’“(:))Hg k=1,... ,nT}. h* is the threshold value of the critical

response and r(0) is as defined in Eq. (3).

4 sampling:

Draw an index k from the set {1,...,ny}. Each index k is selected with a
probability proportional to wy(8).
6 Simulate & as a ng-dimensional standard Gaussian vector with independent
components.

Simulate U; and U, as uniform variables on [0, 1].

Compute o = @71 [U; + (1 — Up)® (B1(0))]. Br(0) = ||€:(0)]| is the Euclidean
norm of the the design point £;(8).

9 Compute the unit vector uj = &;(0)/]|€(0)]].

10 For a single-sided barrier, set & = &' + (o — £'T Dug

¢+ <a - g’%;;) up iUy <1/2

For a double-sided barrier, set & = T
—¢ - (a - ¢ *) u} otherwise

11 output:
12 | £, arandom sample distributed according to h=(£0).
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