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e We present analytical expressions for the Bayesian analysis of hierarchical

Gaussian random fields.

e Closed-form expressions are derived for the posterior distribution of the
random field parameters and the posterior predictive Student’s t-random

field.

e The autocorrelation structure is approximated by its maximum a-posteriori

estimate and application to non-Gaussian random fields is discussed.

e The connection of the presented methodology to the Bayesian approach

in EN 1990 for determining characteristic values is illustrated.

e The application of the approach is demonstrated with data from concrete

and geomaterials.
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Abstract

In probabilistic assessments, spatially variable material properties are modeled
with random fields. These random fields can be learned from spatial data by
means of Bayesian analysis. This paper presents analytical expressions for the
Bayesian analysis of hierarchical Gaussian random fields. We model the prior
spatial distribution by a Gaussian random field with normal-gamma distributed
mean and precision and make use of the conjugacy of prior distribution and
likelihood function to find the posterior distribution of the random field param-
eters. We present closed-form expressions for the spatial mean and precision
function of the posterior predictive Student’s t-random field. Furthermore, we
discuss the application of the hierarchical model to non-Gaussian random fields
(translation random fields) and show the connection of the methodology to the
Bayesian approach of EN 1990 for estimating characteristic values for material
parameters. The method is illustrated on two spatial data sets of concrete and
soil strength parameters.
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1. Introduction

Setting up an engineering model requires definition of material properties.
To correctly account for their inherent randomness, such material properties
are commonly modeled probabilistically. A probabilistic representation with
random variables is sufficient for modeling materials without or with negligible
spatial variability. However, in many applications the effects of the spatial
variability of materials should not be neglected in the modeling process. This is
the case, e.g., with soil parameters in geotechnical assessments [I], and material
parameters in assessments of large concrete structures [e.g. [2].

Spatially variable uncertain quantities can be modeled by random fields
(RFs). An RF represents a random variable at each point of a spatial domain [3].
A complete definition of the RF requires specification of the joint distribution
of the variables corresponding to any collection of points of the spatial domain.
This is nontrivial in general with the exception of Gaussian and a special case
of non-Gaussian RFs, termed translation RFs. Translation RFs are RFs that
can be expressed as functions of Gaussian RFs [4], e.g., a lognormal RF can be
expressed as the exponential of a Gaussian RF. A Gaussian RF implies that the
joint distribution for any collection of points is multivariate Gaussian and can
be completely defined by the first- and second-moment functions [5]. Gaussian
RF's have well established statistical properties and a variety of methods are
available for simulating them [e.g. [6].

RFs can be learned from data through Bayesian analysis [7]. In the gen-
eral case, such an update needs to be done numerically with methods usually
based on Monte Carlo sampling, including Markov chain Monte Carlo methods
[8], sequential Monte Carlo methods [0, [I0] and subset simulation [IT], 12 [I3].
However, Gaussian RFs enable the use of conjugate priors to learn the RF
parameters via a closed-form update in a Bayesian analysis [14] 2].

RF's have been used for a long time in the field of geostatistics for the inter-
polation of spatial data by means of kriging, which includes Bayesian inference

of Gaussian RF parameters [e.g. [I5] [16]. A comprehensive review of hierarchi-
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cal Bayesian analysis with spatial data from the viewpoint of geostatistics can
be found in [I7]. More recently, these approaches have gained importance in
the field of machine learning. They are used for Gaussian process regression,
which is a versatile surrogate model for random functions with noisy observa-
tions [18]. In the engineering community, the potential of accounting for spatial
variability within Bayesian analysis has been recognized especially in the field
of geotechnical engineering [e.g. [19] 20, 2], 22]. Therein, it is often essential to
identify site-specific trend functions of soil properties in addition to the inherent
spatial variability. Recently, attempts have been made to simultaneously learn
the trend function and autocovariance function with sparse measurements in a
Bayesian analysis. The approach of [23] [24] [25] applies sparse Bayesian learning
to learn the trend function of the RF and subsequently draws samples from the
posterior distribution of the RF parameters through Markov chain Monte Carlo
methods. The authors of [26] applied Bayesian compressive sampling to repre-
sent non-homogeneous RFs. This approach does not require the explicit choice
of a prior RF model. It expresses the RF as a superposition of a set of basis
functions and evaluates the posterior distribution of the coefficients of these
functions using sparse measurements. The method has been combined with the
Karhunen-Loéve expansion to obtain realizations of the RF [27] 28 29], and
has been recently extended to treat multi-dimensional and cross-correlated RFs
30, 131].

Bayesian approaches have also found their way into other engineering fields,
e.g., for estimating design values of structural material properties when samples
are available [32] [33], which is also included in the current European standards
for constructions (EN 1990) [34].

The aim of this paper is to present a hierarchical Bayesian model for mate-
rial properties modeled with Gaussian or translation RFs. Hierarchical Gaus-
sian Bayesian models have been well developed in the context of Bayesian linear
regression [e.g. [7] and hierarchical spatial modeling [e.g. [35]. This work ap-
plies existing results from these fields to derive a comprehensive hierarchical RF

model that can be used in the context of stochastic material modeling. We make
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use of the fact that the normal-gamma distribution is the conjugate prior for
the mean and precision of a Gaussian RF to obtain the posterior distribution of
the RF parameters. The posterior predictive RF is a non-homogeneous RF with
Student’s t-marginal distribution. Importantly, given a prior distribution for the
RF parameters and a chosen autocorrelation function, all steps of the Bayesian
analysis can be performed in closed form, providing marginal and multivariate
solutions for the posterior predictive RF model. This property should simplify
application in practice, especially in engineering domains where accounting for
spatial variability is currently not common practice. Moreover, we discuss how
existing approaches for simulation of Gaussian RFs can be applied to gener-
ate realizations of the derived RF model. The application to situations with
non-Gaussian translation prior RFs is investigated and for the specific case of
lognormal prior distribution, the equations for the required transformation are
given. Furthermore, we discuss the influence of the prior correlation function
and a posterior point estimate of its parameters. Finally, we show that the
presented updating approach is a generalization of the Bayesian approach for
evaluation of characteristic values of EN 1990.

The structure of the paper is as follows. Section [2] presents the structure
of the hierarchical RF, followed by a short review of Bayesian analysis and a
step-by-step presentation of the proposed Bayesian updating procedure. Sec-
tion [3] applies the method to two examples from different engineering fields
(geotechnical engineering and structural engineering). A summary and main
conclusions are given in Section [d] The analytical expressions for updating the
RF are derived in Appendices [A] to [C] and Appendix [D] describes properties of
the log-Student’s t-distribution.

2. Methodology

In a Gaussian RF X(z), the joint distribution of {X(z;),i = 1,...,n} for
any z; € Q C R? and n € N is jointly Gaussian, with Q denoting the domain
of definition of the RF and d the spatial dimension of €2 [5]. This RF is fully
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described by the spatial functions for the mean value, the variance and the
autocorrelation. Closed-form solutions are available for the posterior distribu-
tion of the RF given data M of X [7, B6]. We consider a prior RF for X (z)
with homogeneous point statistics, i.e., a-priori the RF has constant mean and
variance. The vector of uncertain hyperparameters is @ = [ux, A X]T, where
px is the mean value and Ax is the precision (inverse of the variance). The
assumption of prior homogeneity is a simplification and limits the application
to cases without a spatial trend of the RF or cases where a homogeneous RF

X (z) can be obtained from the actual RF by a normalization operation [e.g., 3]

or by de-trending methods [e.g., 37, [B]. Figure [l|summarizes the investigated

Figure 1: The hierarchical RF model to learn X (z) from M. px and Ax are the mean and
precision of the RF X (z) and M is the measurement data. T is the vector of parameters of

the autocorrelation function.

problem setting, where the nodes represent uncertain quantities (the random
variables and the RF) and the arrows denote the direct dependencies among
them [e.g. [39]. 7 is the vector of correlation parameters, i.e., the parameters of
the autocorrelation function of the RF. These are initially considered as deter-
ministic; the estimation of 7 from the data M is discussed in Section 2.7} It is
worth noting that the method can handle arbitrary autocorrelation functions,
i.e., we do not require the autocorrelation function to depend on the difference
in location, although in most applications this is a standard choice. The aim

of the analysis is to learn X (z) conditional on M. The individual steps of the
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analysis are derived in the following, preceded by a short introduction to the

basics of Bayesian analysis.

2.1. Bayesian analysis

When performing a Bayesian analysis, the first step is setting up a prior joint
probability density function (PDF) of the parameters 8. The prior PDF f (8)
is then updated to the posterior PDF f (6|M) with data M, by application of
Bayes’ rule [1]:

F(6IM)  £(8) - L.(OIM), (1)

where L (6|M) is the likelihood function, summarizing the information from
the data M. Note that a single data point M,; may contain various types
of information, including the measurement outcome, the measurement loca-
tion or time, the used measurement device and the environmental conditions
at the time of the measurement. In this paper, we focus on the case where
M contains spatially distributed measurements of an RF X(z). Hence, each

M, includes the measurement outcome x,,; and the corresponding measure-

ment location z,;, i.e., M; = [Tm, Zmi|. Given a set of n direct measure-
ments of the RF X (z), M = [M;, M,,..., Mn]T7 with measurement outcomes
T = [Tm1, Tm,2,s---, :z:m,n]T C R™ and corresponding measurement locations
Z, = [Zm1, Zm2s---, zmyn]T C R™*4, the joint likelihood is the PDF of X (z)

at locations Z,, conditional on 0:

2.2. Prior model

We consider a Gaussian RF X (z) whose parameter vector 6 has a normal-

gamma (NG) prior, with PDF [e.g. 40, 33}, [35]

[(0) =NG (nx, Ax|po, ko, @0, Bo) =N (x| to, koAx) - G (Ax|ao, Bo)

Ko

= Co)\?i%exp (*)\X (3 (nx — po)” + 50)) : (3)
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I (+) is the gamma function and Cy is a normalizing constant, given by

1
a0 2
N i (4)
T (ap) (27)2
The spatial variability of the prior RF is determined by its autocorrelation
function p(z1,2z2) [B, B]. A classical choice for the autocorrelation function

is the Matérn model, which includes the exponential model and the square-

exponential model [41] [5] 1§].

2.8. Likelihood function

The likelihood function for learning the RF X (z) with spatially distributed
measurements M is given by Equation . For the Gaussian RF this translates

to:

= )\‘?( ex —)\—X Ty — “ (g, — T
LOND = e (<5 ot R o)),

where R,, is the correlation matrix of the measurement locations with entry
R, ;. ; calculated as p (2 i, Zm,j). 1n denotes a 1 x n-vector of ones.
Uncertainty in the measurement procedure can be accounted for by including
a measurement error £;. Assuming an additive measurement error yields the
following relation between the actual value z at location z,, ; and the measured

value 2, ;:
Ty =T (Zm,i) +&;. (6)

The error g; is often modeled by a zero-mean Gaussian random variable with
standard deviation o. and statistical independence between the measurement
errors at different locations is assumed. In such case, the methodology presented
in the following sections is applicable with a minor modification: Ax does not

describe the precision of X (z) but the overall precision of X (z) + ¢, i.e.,

Ax = (A;(,lRF + 03)71 . (7)
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where Ax rr is the precision of X (z). Moreover, the autocorrelation function

describing the overall variability reads
p(zl7z]):pRF (ZZ7ZJ)<1_’}/€)+6(Z,])’}/57 (8)

where prr (2i,2z;) denotes the spatial correlation function of X(z) and 7. =
o2Ax € (0, 1) is the portion of the overall variance attributed to the mea-
surement error. 6(,7) is the Dirac delta function returning 1 if ¢ = j and 0

otherwise.

2.4. Posterior distribution of the parameters

In the general case, Equation needs to be solved numerically, e.g. through
sampling techniques, due to the intractability of the normalizing constant. How-
ever, analytical solutions for the posterior distribution are available in some spe-
cial cases, when using conjugate priors [7,[40]. The chosen NG prior distribution
and the multivariate Gaussian likelihood of Equation are conjugate. Hence,
the posterior distribution of 8 can be derived analytically and has the same para-
metric form as the prior, i.e., it is a NG distribution. The Bayesian updating

simplifies to an update of the parameters of the NG distribution [42] [35]:

f (OlM) =Ng (,U'Xv )\X|N’na Rn, aruﬂn) = CnA;M(n_%eXp (7)\X (% (,UfX - ,Un)2 + ﬁn)) ,

(9)

where the normalizing constant C,, is given by

1
Barrd

Cp=—n"" (10
[ () (27)2 )
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The parameters of the posterior distribution can be obtained with the following
set of equations:
kopo + L, Rtz

_ 7 11
Hin Ko+ 1,R;,'1T (11)

Fon = o + 1, R, (12)
n
o, = ag + 5 (13)

2
kopd L RILY = 2k0p0 1, R ), — (1, R 2))
ko + 1, Rn'1T '

1
Bn = Bo + 5 (:cmR;Llw;rn +
(14)
A derivation of the parameters in Equations to can be found in [7]

in the context of Bayesian linear regression. For easier accessibility, we provide

the derivations in

2.5. Marginal posterior predictive distribution

Typically, the goal is to make predictions about the quantity of interest
X. To this end, one needs the posterior predictive distribution of X, which is
obtained by marginalization of the joint PDF of X conditional on € and the
posterior distribution of 8 given M. When X is modeled by a single random
variable and the measurement points are uncorrelated, the posterior predictive

distribution is given as [33] 19, [7]

f (alam) = /@ £ (216) £ (0]z,,) 6, (15)

where © denotes the domain of definition of 8. The conditional independence
between X given 6 and M does no longer hold when X is modeled as an RF.
Instead, the posterior and the posterior predictive distribution of X will depend
on the spatial location z. In RF theory, the PDF of the RF X(z) at location
z is termed marginal (or first order) PDF of X(z). The marginal posterior

predictive PDF of X (z), denoted f (z;z|M), is given as

f (a 2]M) = /@ £ (2:2/6, M) f (6]M) do. (16)
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Here, f (z; 2|0, M) is the marginal PDF of X (z) given 8 and M, which requires
an additional updating step. In this step, the prior is the marginal PDF of X (z)
given 0, f (x;2|0), which is a Gaussian PDF with parameters py and Ax. The
posterior PDF f (z; 2|6, M) is again a Gaussian PDF with parameters p/, and
A\

z

which can be calculated by application of the following updating rules for

the conditional Gaussian distribution [15] 36} B]:

,u/z/ = pux + Rz,mR;zl (T — NXln)T ) (17)

N =Ax (1- ReR;'RL, ) (18)

z,m
where R, ,, : R4 — R*™ is a row vector function with element i defined
as p (2, zZm,i) with n being the number of measurements and R, is given by
Equation .

The integral in Equation can be written as follows:

+oo “+oo
f (a3 2]M) = / / N NN (ol o) G (s Ba) dptcdAy
/\X:0 14

X =—00

(19)
Solution of the integral in Equation results in the following marginal pos-
terior predictive PDF"

P(w 1 A, 1 Aoy (2 — g1, 2\ — %~
f(I,Z|M> = fi (I|.uz,ta)\z,tvyt> = M (7t) <1 + %
t

(20)
where f; (z|pt, A, 1) denotes the PDF of the Student’s ¢-distribution with lo-
cation parameter p;, scale parameter A\; and degrees of freedom vy [36].

The spatial functions for the parameters of the posterior predictive Student’s

t-distribution are given in closed form by the following expressions:

Pzt = pn + Rz,mR;zl (Tm — ann)Ta (21)

sy = o — (22
Bu (1= Ren R BT, + (1= R R 1T) i)

vy = 20u,. (23)

10
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The parameters p,, kn, &, and (3, are obtained following the updating rules in
Equations to . A detailed derivation of the parameter update can be
found in

2.6. Posterior predictive random field

The approach presented in Section [2.5] enables predicting the marginal dis-
tribution of quantity X at any location z € €) given spatial data M. This is
useful in cases where the correlation among values of X at different locations
needs not be accounted for in further predictions [33]. However, in many cases
the spatial dependence of X is required for predictions. In such cases, the joint
distribution of X at k different locations is given by the k-th order posterior
predictive PDF of X (z):

f (: Z|M) = /@ f (2:Z/6, M) f (6]M) 6. (24)

The posterior distribution for the parameter vector 6 is the same as the one
appearing in Equation . The prior distribution of the RF X (z) given 6
is Gaussian and, hence, f (x;Z|0) is k-variate Gaussian. Since the updating
rules for a conditional Gaussian distribution of Equations and can
be extended to the multivariate case, f (a;Z]|0,M) is also k-variate Gaussian
with mean vector p7, and precision matrix Az”, which can be calculated by the

following equations [36]:

llflz/ = ,UX]-—]I; + RZ,mR;ql (mm - ,U'X]-n)T ) (25)

-1

Az" =)Xx (Rz—RznR;'Ry,.) . (26)
where Rz, : RF*? — R¥*" is a matrix function with element 4,5 defined as
p(%i,Zm;). Rz : RExd _ RF*E i a matrix function with element 4, j defined
as p(2i,2j). Ry, is the matrix containing the correlation of the measurement
locations and a potential measurement error, as introduced in Section 23] 1

is a 1 x k vector of ones.

11
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Equation takes the following form:

+oo +oo
f (2: Z|M) = / / N (@115 Az") N (i ims fudx) G (A s B) dixedAy.
AXZO 123

X =—00

(27)

The integral in Equation results in the following k-th order posterior pre-
dictive PDF

f (@ ZIM) = fy (z|pze, Azg,ve) = T (%) (714) "
P TVt 2

(28)
where fi (|pz,, Az, 1) is the k-variate Student’s ¢-distribution [43] [36]. As
in the univariate case, v; is a scalar parameter denoting the degrees of freedom.
v is given by Equation and the parameters puz; and Az, are given in

closed form:

Mzt = an-llc- + RZ,mRr_nl (wm - :“nln)T ) (29)

On

Az, = .

(30)

Rz, Rz, and R,, follow the definitions for Equations and and the
parameters pi,, kn, o, and (3, are obtained following the updating rules in
Equations to . The analytical expressions for the parameters of the
multivariate posterior predictive Student’s t-distribution are derived in detail in
Append

The multivariate Student’s t-distribution as predictive distribution for the
multivariate Gaussian distribution also appears in Bayesian regression for the
normal linear model [35] [7, 44]. In fact, the presented model forms a special
case of weighted linear Bayesian regression with a single explanatory variable.

Equation can be used for multivariate predictions of X accounting for
the information in M. It is noted that for £ = 1, Equation reduces to the

expression for the marginal posterior predictive Student’s t-distribution given

12

UVt

P (% +5) (det (Az.))® <1 | (&= pz) Ay (@~ pzy)

—1
(Rz — RzwR,'RE,, + (1] - RzmR;,'17) 1, (1] - RzmR,) )

)

[SIE
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in Equation , accordingly Equations and reduce to Equations
and .

Equations and can be directly transformed to the spatial parameter
functions of the posterior predictive RF, i.e., the mean function p;(z) and the

precision function A; (21, z2):

/Jt(Z) = Un + RZ,WR;Ll (wm - Mnln)T y (31)

A (21,22) = =" (p(21,22) — Roy R RL , + (1 - R., R ) 60 (1 - R, RLY))

22,m

(32)
where p (21, z2) is the prior correlation of z; and z3. R, and R,, are utilized
as in Equations and . The posterior predictive RF is fully defined by
the parameters specified by Equations , and .

2.7. Choice of correlation parameters

The choice of the prior autocorrelation function p (21, z2) has significant in-
fluence on the predictive distribution of the proposed RF model; it controls the
spatial variability of the prior RF and the correlation of the measurement loca-
tions in R,,. Hence, the autocorrelation function and its parameters need to be
chosen carefully. Although literature is available on different parametric corre-
lation models, their advantages and disadvantages [e.g. [Bl 41}, [45], the specific
parameter choice for a problem at hand remains challenging if little informa-
tion about the modeled quantity is available. This problem can be addressed
by treating the vector 7 of correlation parameters as a random vector with
associated prior distribution f(7). The dependency between 7 and the multi-
variate posterior predictive distribution can be expressed explicitly by extending

Equation as follows:
f (@ ZIM,7) = / f (@:Z/6, M. 7) f (B]M, 7) do. (33)
e
f (; Z|M) can then be determined by marginalization of f (x;Z, 7|M):

f (@ ZIM) = /T f (@2, 7[M)dr = /T f(@:ZIM,7) f (rM)dr,  (34)

13



x%s  with T denoting the domain of definition of 7. Figure [2]illustrates the adapted
»7  hierarchical Bayesian model where 7 is considered as additional uncertain pa-

rameter, in contrast to the deterministic choice illustrated in Figure [II The

Figure 2: Adapted hierarchical Bayesian model to consider T as uncertain parameter. The
dependence of the resulting RF model on 7 can be integrated out when 7 is modeled as

random vector.
268

x0  closed-form updating procedure for the posterior predictive expressions can only
20 be used to find f (a;Z|M, 7). Direct evaluation of Equation can be cum-
on bersome or even impossible, as it requires evaluation of f (7|M), which depends
o2 on the choice of the correlation model and most likely cannot be evaluated in
213 closed form.

274 Through application of Bayes’ theorem, f (7|M) is given by the following

75 expression:
f(rIM) o f(7) - f (M]T). (35)

e Including the dependency on 7 in the definition of the likelihood function of

o7 Equation gives

n

(27)3 dfiR ) 7 <_A2X (@ = L) Ron (7)) (= MXMT) '

L(@M, 1) =

(36)
o f (M]|7) is the proportionality constant in f (8|M, ) < f (6)-L (8|M, T), hence

f(6)-L(6[M, )
fOM, )~

fM|T) = (37)

14
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Note that 8 and 7 are independent and thus, f (8]7) = f(0). f(8|M, ) is the
posterior PDF of 0 for a given 7, which is a NG PDF with parameters given in
Section 2:4] Splitting the densities and their respective normalizing constants
in Equation gives

‘L (0OM, T)
(0|M, T)

;o (38)

) = 52 a1 £

where Cy and C,, are defined in Equations and (10). f(0) and f(6|M, )
are the unnormalized prior and posterior NG distributions. L (§|M,7) is the

exponential term of the likelihood function and is equal to the ratio of f (6|M, 1)

and f(O) (cf. |Appendix Al). Thus, the fraction disappears in Equation .

Inserting the expressions for Cy and C, into Equation yields

[N

T) = o : [ lan) 55" )% de T))
1007 = (55) ey o () et R 09

Using Equation , sampling from f (7|M) can be achieved, e.g. by using
Markov chain Monte Carlo methods [8]. These samples 7;, i = 1,..., Nyrome

can then be used to approximate f (a;Z|M):

1 Nyvcomce
x,ZM) ~x —— x; Z\M, T;). 40
[ (5 Z]M) Nuromre ; f (2 ) (40)

Alternatively, the posterior distribution of 7 can be approximated by its
maximum a-posteriori (MAP) estimate [46]. That is, Equation is approxi-

mated by
f(xz; ZIM) =~ f(z; Z]M, 17), (41)

where 7 is the MAP estimate of 7. It is found by maximizing Equation
with respect to 7. Using Equation , this is equivalent to solving the following

optimization problem:

arg max,cp f(7|M) = arg min cq In (55 (7)) + 2ann (B, (7)) + In (det (R (1)) — 2In (f(7))

(42)

where £, a;, and f, follow the definitions in Section [2.4] conditional on 7.

15
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The parametric form of the correlation model can be chosen among a set
of models by means of Bayesian model selection. To this end, the marginal
likelihood, i.e., the normalizing constant of Eq. , must be evaluated for the
different parametric model choices and multiplied with the prior beliefs in the

models [47].

2.8. Extension to non-Gaussian prior random fields

The presented Bayesian approach is applicable to Gaussian prior RFs and
data assigned with additive Gaussian measurement error. Its applicability can

be extended to the class of so-called translation RFs, defined as [4, [48]
Y(z)=T{U(2), (43)

where U (z) is a zero-mean and unit-variance Gaussian RF. If the marginal
cumulative distribution function (CDF) of the non-Gaussian RF Fy.,(y(z)) is
given and it is strictly increasing, one can define the transformation of Equation
as T (:) = F;}z(@()), with F;;() denoting the inverse of Fy.,(-) and ®(-)
the standard normal CDF [49]. U (z) is obtained from Y (z) by inversion of

Equation :
Uz) =T (Y (2)). (44)

To apply the proposed hierarchical Bayesian approach to the non-Gaussian
RF Y (z), each measurement outcome vy, ; transformed to the Gaussian space
through Equation should be associated with an additive Gaussian error.

This can be equivalently stated as follows:
Ym,i =T (u(Zmi) +€i) 5 (45)

where €; is a zero-mean Gaussian measurement error. A special case is a log-
normal RF Y (z) with parameters p,y and Ajpy and a multiplicative lognormal

measurement error, i.e., Ym; =y (Zm.i) - €y, In such case, Equations (43) and
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can be rewritten as functions of a Gaussian RF X (z):

Y (2) = exp (X (2)), (46)

Ym,i = xp (T (2m,i) +&i) = exp (@ (Zm,i)) - exp (i) = exp (¥ (Zm,i)) - €y.i-

(47)
Uiy and A,y are the mean value and precision respectively of the underlying
Gaussian RF X (z) including the precision of the measurement error, i.e., ux =
tiny and Ax = Apy. As defined in Section Ax is given as the overall
precision of X (z)+e. The error term ¢, ; follows a lognormal distribution with
median 1. Its parameters are p,. = 0 and A = ),‘Y—’;, which are mean value and
precision respectively of the underlying Gaussian measurement error. . has to
be chosen accordingly to reflect the contribution of € to the overall variance of the
underlying Gaussian random field. That is, the hierarchical Bayesian approach
is directly applicable by a simple logarithmic transformation of the data and
the measurement error. After the updating procedure, the posterior predictive
RF can be transformed back to the original space by applying Equation .
The transformed marginal distribution of the posterior predictive RF has the
form of a log-Student’s t-distribution. This distribution model is used in finance
for the pricing of options [50, 5I] and belongs to the family of log-symmetric
distributions [62]. The marginal PDF of the posterior predictive RF is defined

as follows:

(e 4+ 1 3 —
f (3 2IM) = frin (ylpze, Aes ve) = y*@ </\“> (1 ;e (n)

(18)
The finite-dimensional PDF can be derived in a similar manner. It is noted that
the log-Student’s t-distribution has divergent integer moments of any order. A
short proof of this can be found in The parametrization of Y (z)
conditional on M is done by means of ji,:, A, and 14, ie., in terms of the
parameters of the underlying Student’s t-RF X (z). For vy — 00, fiin (yz|M)
converges to a lognormal distribution with location parameter ., and scale

1
2
parameter A, 7.
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2.9. Sampling the posterior predictive random field

The finite-dimensional distribution of the posterior predictive RF is the
multivariate Student’s ¢-distribution with parameters pz:, Az; and v;. The
posterior predictive random vector X (Z) corresponding to locations Z can be

expressed as follows [43]:

X(z)= v (f) + 1z, (49)

vt

where U (Z) is a zero-mean Gaussian random vector with precision matrix Az ;.
V' is a random variable that follows the chi-square distribution with 14 degrees
of freedom and is independent of U(Z). Replacing U(Z) in Equation by
U(z), a zero-mean Gaussian RF with spatial precision function A; (z1, z2) as
given by Equation , and furthermore replacing pz. by p:(z), the spatial
function for the mean value defined in Equation , yields the corresponding
expression for the posterior predictive Student’s ¢-RF. Hence, the Student’s t-
RF X (z) can be expressed as a function of a Gaussian RF and one additional
independent chi-square random variable. In case of sampling from a translation
RF Y(z), the transformation of Equation has to be adapted accordingly.

Samples from U(z) can be generated by a variety of existing methods [e.g. [6].

2.10. Connection to the Bayesian approach of EN 1990

Annex D.7 of EN 1990 (Eurocode 0) on the basis of structural design of-
fers a method to determine design values for material properties when samples
are available [34]. The samples are used to estimate a quantile value of the
underlying probability distribution, the so-called characteristic value. This ap-
proach distinguishes between the cases where (a) mean and variance of the
material property are unknown and (b) only its variance is unknown. In case
(a), the characteristic value can be estimated based on the sample mean, sam-
ple standard deviation and the number of samples n. The underlying theory
is a Bayesian approach and the calculated value is the 5% quantile value of

the posterior predictive distribution [33, [2]. We show in the following that the
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hierarchical approach presented in this paper is a generalization of case (a) in

Annex D.7 of EN 1990.

We consider a material property X that follows a normal distribution with

unknown parameters 6 and that a set of samples ®,, = [Tm,1, Tm.2,---

T
’ xm,n}

are available. If no prior information about f (0) is available, a non-informative

choice can be made by choosing a N'G distribution with the following parameters

[42]:

[MOa"q/OaaO?BO] = |:/707 _} 0:| )

resulting in f (0) = Ay

2’

(50)

Furthermore, we assume independence of the random variables correspond-

ing to the measurement locations and neglect the measurement error, i.e., R, =

I. This leads to a simplification of Equations to :

n
1Lzl 1
Wn = = — E Tmiy
n n 4
i=1

Kp =N,

Ap = ’

n

n

1,x])?
Bu= 1 (a:me _ (“’m)> — %Z(mm — )2

i=1

(54)

If one neglects the dependence between the measurements and the RF at the

predictive locations, the posterior predictive distribution f (x|x,,) is obtained

following Equation and is space-invariant. It is a Student’s t-distribution

with the following parameters:

1
Pt = pn = E;mm,iz
i—

Ap

n(n —1)

= Bn <1+/9771)

vy =20, =n — 1.

(n+1) Z?:l (mml - :un)27
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The characteristic values in the method in EN 1990 are defined as 5% quan-
tile values of a Student’s ¢-distribution with parameters given by Equations (55|
to . An additional transformation step is added for ease of use, in which

the Student’s t-distributed random variable X is normalized:
Up= (X — ) A2, (58)

where U; follows the standard Student’s ¢-distribution with v; degrees of free-
dom, i.e., uy = 0 and A; = 1. This normalization allows the use of standardized

coefficients (k,, values), which only depend on n:

_ n+1
kn = _FUtl (p) ) (59)

n

where Fgﬁl() is the inverse CDF of U; and p = 0.05, since the characteristic
value xy, is defined as the 5% quantile value. Using the k,, value, xj is obtained

as follows:

wn = fix (1— kudy) | (60)
where fx = %Zz;l ZTm, is the sample mean and dx = % is the sample
coefficient of variation with ox = ﬁ Z?zl (@m,s — [Lx)z. EN 1990 provides
tabulated values of k,, for varying n.

The method in EN 1990 also covers the case when the material property
Y follows a lognormal distribution and ¥ = [Ym,1, Ymz2,-- - ymyn]T are the
available samples. In this case, the Bayesian analysis underlying the method
is conducted as described above for the Gaussian random variable X = In(Y")
with the logarithmic samples ., ; = In(ym;), ¢ = 1,...,n. The posterior
predictive distribution f (y|ym,) is a log-Student’s t-distribution parameterized
in terms of the parameters of the underlying Student’s t-distribution given by
Equations to . The characteristic value y, is the 5% quantile value of
f (Y|Yym ), which is equivalent to the exponential of the 5% quantile value of the

underlying Student’s ¢-distribution. Thus, y;, can be calculated as

yr = exp (ix (1 —kndx)), (61)
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where fix and dx are the sample mean and sample coefficient of variation of
the logarithmic samples and k,, is given by Equation .

In a nutshell, the method in Annex D.7 of EN 1990 to determine charac-
teristic values for the design of structures is a special case of the presented RF
analysis, which assumes a non-informative prior distribution, independent mea-
surements without measurement error and independence between measurement

locations and the material parameter at the predictive locations.

3. Numerical examples

In this section, the proposed approach is applied to two numerical examples.
The first one involves a one-dimensional RF of a geotechnical material, while
the second one models the concrete compressive strength of a ship lock wall

with a two-dimensional anisotropic RF.

3.1. Tip resistance of cohesive soil

Soil parameters are often determined based on measurements from cone
penetration testing (CPT). In CPT, the tip resistance gr measures the force
required to push the cone through the soil and can be used to infer further
soil parameters. In this example, data from a CPT is used, where the tip
resistance of a cohesive soil layer was measured in depths from z = 3.900 m to
z = 10.275m resulting in 256 equidistant measurements of the tip resistance.
The data is taken from [53] and was also used by Wang and Zhao to illustrate
the performance of Bayesian compressive sampling when sparse data is available
[26]. The tip resistance is modeled by the one-dimensional RF ¢r(z) in vertical

direction with lognormal prior marginal distribution. Hence, the transformation

of Equation is applied:
qr (2) = exp (X (2)). (62)
The underlying prior RF X (z) is a homogeneous Gaussian RF with unknown

mean value px and unknown precision Ax. The prior autocorrelation function
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is modeled by the exponential model with unknown correlation length I.:
p ez = exp (-2 2) (63)
c
Furthermore, no prior information on gy or Ax are available and thus a non-
informative prior NG distribution is chosen with the parameters from Equa-
tion .

It is assumed that knowledge of the full data set is not available but only a
subset of 13 measurement values taken at equidistant locations, as illustrated by
the blue dots in panel a) of Figure (3)). It is assumed that the measurements are
associated with a multiplicative lognormal measurement error, where the por-
tion of the total variance attributed to the transformed Gaussian measurement
error is given as 7. = 0.01. In a first step, the MAP estimate for [, is obtained
by solving the minimization problem of Equation , where the vector 7 only
consists of .. A uniform prior on the positive numbers is employed for [, and
hence the term In (f(7)) in the optimization problem can be dropped and the
MAP estimate reduces to a maximum likelihood estimate [54]. The resulting
estimate for [ is obtained as [} = 0.74m.

Consequently, the posterior parameters of the NG distribution are obtained
by application of Equations to in combination with Equation (47) to
account for the log-transformation of the measurements. The spatial parameter
functions of the posterior predictive Student’s t-RF are calculated by means
of Equations and . From Equation the degrees of freedom are
calculated as v, = 12. These are the parameters of the RF ¢r(z) given M, which
has log-Student’s t-marginal distribution with PDF given by Equation . As
the moments are not defined, the illustration in panel a) of Figure shows the
median of the posterior predictive tip resistance and the corresponding 5% and
95% quantile values along the depth of the soil layer. The increasing width of the
orange area shows that the uncertainty is very small close to the measurement
locations and increases away from the measurements. The full data set of 256
measurements is indicated by a black dotted line. Panel b) of Figure [3| shows

three independent realizations of the posterior predictive RF. Comparison of the
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Figure 3: Posterior predictive RF of the tip resistance gr. Panel a) shows the median (red
line) and the two-sided 90% credible interval, i.e., the area between the 5% and 95% quantile
value (orange area) of the marginal log-Student’s ¢-distributions. The 13 blue dots mark the
used measurement locations and values while the full data set is illustrated by the dotted
black line. Panel b) shows three independent realizations of the posterior predictive RF in

comparison to the two-sided 90% credible interval in gray.

random realizations with the full data set shows good accordance regarding the
number and amplitude of strong local deviations from the posterior predictive
median. Hence, the proposed approach can sufficiently approximate both the
overall trend of the RF and the associated uncertainty.

To illustrate the influence of the number of measurements on the posterior
prediction, the above calculations are repeated for n = 6 and n = 64 equidis-
tant measurements. Figure [ illustrates the measurement values and locations
by blue dots in panel a) and panel c¢), respectively. For n = 6, the MAP op-
timization results in [7 s = 3.89m and for n = 64 it gives I7 54 = 1.17m. This
large difference in the MAP estimates is due to the assumed uninformative prior
distribution for the correlation length, in which case, the MAP estimate only
depends on the data. Large differences in the data can lead to significant varia-
tion in the estimated correlation length. The median and corresponding 5% and
95% quantile values of ¢r(z) are illustrated in panel a) and c), respectively of

Figure [l Comparison to Figure [ shows that with increasing amount of data,

23



479

480

481

482

483

484

485

486

487

488

489

490

491

492

493

Figure 4: Posterior predictive RF of the tip resistance gt for n = 6 (panel a) and b)) and
n = 64 (panel c¢) and d)). Panel a) and ¢) show the median (red line) and the two-sided 90%
credible intervals of the marginal log-Student’s ¢t-distributions. The blue dots mark the used
measurement locations and values while the full data set is illustrated by the dotted black
line. Panel b) and c) each show three independent realizations of the posterior predictive RF

in comparison to the two-sided 90% credible intervals in gray.

the uncertainty, i.e., the variability of gr(z) is reduced. However, even with
a small amount of data (n = 6), the global trend of the tip resistance can be
predicted and the location-specific information can be used efficiently to set up
an RF model. The large variability in the areas between the measurements is
illustrated by three independent realizations in panel b) of Figure 4| When the
amount of data is relatively large (n = 64), the remaining uncertainty in the
tip resistance becomes comparatively small and random realizations of the RF
do not differ significantly from the full data set, as can be seen in panel d) of
Figure [

Figure [5| plots f (I.|M) with the MAP estimate I = 0.74m located at the
mode of f (I.|M). It appears that, although the posterior distribution has a
distinct mode, it covers a broad range by remaining relatively flat for increasing
values of I.. This is caused by the uniform prior distribution for [, and shows
that such a uniform prior can lead to an improper posterior distribution of the

correlation length. While this is not a problem when using MAP, it is an issue
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Figure 5: Posterior distribution of the correlation length f (Ic|M) as function of the correlation

length [, and the corresponding MAP estimate [}.

when the full posterior distribution of [, is to be used. In such cases, a different

prior distribution should be chosen.

3.2. Concrete compressive strength of a ship lock wall

In this example, we investigate the concrete compressive strength f. of a
ship lock wall made of tamped concrete in the 1920s. The length of the wall is
105m and the height of the tamped concrete layer is 8 m, the third dimension
is not taken into account for this study. 24 measurements of f. are available
from three vertical core samples taken at the quarter points of the wall [2]. The
situation is illustrated in Figure[f]and the measurement data and corresponding
locations are shown in Table[ll We assume that the measurements are associated
with a multiplicative lognormal measurement error with coefficient of variation

CV,. =0.025.

8 m

26.25 m 26.25 m 26.25 m 26.25 m

105 m

Figure 6: Ship lock wall with a total length of 105m and a total height of 8 m made of
tamped concrete from the 1920s. Three vertical core samples (C1, C2 and C3) were taken at

the quarter points of the wall indicated by the three dashed lines.

Applying the transformation of Equation , the logarithm of f. is modeled
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Table 1: Measurements of the concrete compressive strength f. and the corresponding mea-
surement locations of 24 specimens from 3 vertical core samples (C1, C2 and C3) in the quarter

points of the ship lock wall.

Core sample Cy Core sample Cy Core sample Cs

s lm] 2o [m] fom [MPa] 2 [m] 2 ] fom MPa] 2 [m] 2 [m]  fom [MPa
0.40 29.2 0.21 21.2 0.34 18.5
1.24 15.5 1.25 16.0 1.34 10.3
2.25 8.7 2.05 32.0 2.17 13.2
3.15 12.3 3.33 20.7 3.24 14.5
BB 16.2 P s 13.8 P 25.4
5.33 11.6 5.25 12.1 5.12 14.5
6.15 134 6.40 8.6 6.23 13.2
7.05 13.9 7.45 14.8 7.08 33.0

with a two-dimensional Gaussian RF with non-informative prior NG distribu-
tion (cf. Equation (50))).

Typically, massive concrete structures made of tamped concrete from that
time have been built in layers [55]. Hence, we employ a transverse anisotropic
exponential correlation function, where the correlation length I.; in direction
z1 differs from the correlation length [ o in direction zo [56]:

p(22) = exp (_ \/ (A1 (z0:2))° | (Do (21,2)) ) e

2 2
lc,l lc,2

where Aq (z;,2;) and Ag (2;,2;) denote the canonical distances of z; and z;
in directions z; and z; respectively. Assuming a uniform prior on I.; and .

results in the following MAP estimate for the two correlation lengths:

U= (I8, I5,] = [1.54m,0.58 m] (65)

c

These values are used in the Bayesian updating to obtain the posterior predic-
tive RF for f.. As the marginal posterior predictive PDF is a log-Student’s ¢-
distribution, the moments cannot be evaluated and thus, Figure [7]illustrates the

median (panel a)) and the corresponding 5% quantile value (panel b)) of f.(z)
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Figure 7: Posterior predictive median (panel a)) and 5% quantile value (panel b)) of the
concrete compressive strength f. of a ship lock wall obtained with data from three vertical
core samples (n = 24 measurements of the concrete compressive strength). The median and

5% quantile value at points A, B and C are listed in Table

given M across the ship lock wall. The measured values and the information
about their location are clearly reflected, as regions close to low measurement
values show low median and 5% quantile values, and regions close to high mea-
surement values show higher median and 5% quantile values. This is illustrated
by the example of three points (A, B and C) at different locations of the ship
lock wall, where the median and 5% quantile values have been extracted and

listed in Table 2] Point A, located close to a low measurement value, features

Table 2: Median (50% quantile value, fc0.5) and 5% quantile value (f¢,0.05) of the marginal
posterior predictive concrete compressive strength at three different locations (A, B and C)

of the ship lock wall.

21 [m] zy [m] feo.5 [MPa] fe,0.05 [MPa]

Point A 25.95 2.5 10.7 6.6
Point B 37.25 5.3 15.9 8.2
Point C 78.3 6.85 23.1 14.1

a posterior median of 10.7 MPa and a 5% quantile value of 6.6 MPa, both of
which are significantly lower than those at point C with a median of 23.1 MPa
and a 5% quantile value of 14.1 MPa. Contrary to point A, point C is located
close to a high measurement value (cf. Table . The median of 15.9 MPa and
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5% quantile of 8.2 MPa at point B are representative values for all locations far
away from the measurements, i.e., all points with negligible spatial correlation
to any measurement location.

Section demonstrates the connection of the proposed RF approach and
the established Bayesian approach in EN 1990. Next, we compare this approach
to the results of the proposed hierarchical RF model using the data of Table [T}
The mean and standard deviation of the log-transformed measurement values
are ix = 2.75 and gx = 0.37 with a corresponding k,, value of k,,(n,, = 24) =
1.75. Applying Equation gives a characteristic value (5% quantile value) of
fe,r = 8.2MPa. This value matches the 5% quantile value at locations without
spatial correlation to the measurement points (cf. point C in Table . We note
that this congruence depends on the chosen prior parameters of the RF and,
thus, is the exception, not the rule.

The correlation length is an important parameter in any RF model. To
illustrate this, the Bayesian analysis has been carried out for I, = 0.5} and . =
21%. The resulting marginal median of f.(z) in the area around the core sample
Cs is illustrated in Figure [§] Obviously, the larger the correlation length, the
bigger the area that is influenced by the spatial correlation to the measurements.
For I, = 0.51} the spatial effect of the measurements on the median is restricted
to a domain of length ~ 2m, wheres for I, = 21} this effect spans over a length
of ~ 10m. It is mentioned that this is the effect of the final step of the Bayesian
approach, where the posterior predictive distribution is obtained. The whole
RF is influenced by the data and the chosen correlation length by the global
posterior parameters of the NG distribution, as can be seen by the different
median values of f.(z) at locations D,, D, and D, indicated in Figure These
locations are chosen exemplarily for all points with negligible spatial correlation
to any measurement location. For I, = 0.50} the median is 15.7 MPa and for
l. =2} it is 16.3 MPa, compared to 15.9 MPa when I. = }.

When employing the MAP procedure to approximate f (7|M), it is impor-
tant to be aware of the sensitivity of the estimate and the amount of information

provided by the data. In this example, the vertical distance of the measurement
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Figure 8: Posterior predictive median of the concrete compressive strength of a ship lock wall

in the area around core sample Cy obtained with varying correlation lengths.

J(2 M)

Figure 9: Two-dimensional posterior distribution of the correlation lengths in 27 (horizontal)
and zo (vertical) direction, f (I.|M). The maximum of f (I.|M) is located at I.;; = 1.54m
and l..2 = 0.58 m, which is equivalent to the MAP estimate 1.

locations is relatively small while the horizontal distance is either 0 or very large.
Hence, the MAP estimate for . ; is subject to larger uncertainty than the MAP
estimate for [. 2, which is illustrated in Figure @ While f (7|M) has a distinct
maximum in direction I, 2 at [, 2 = 0.58 m, it is relatively flat in direction I, ;. In
fact, any l.; smaller than 5m is approximately equally likely given the data at
hand. Only for I.;; > 5m the measurements of different core samples are notice-
ably correlated. This behavior is of special interest when no prior information
on the correlation length is assumed, since in such case the MAP estimate is
only controlled by the data. In general, learning the correlation length from
limited amount of data is not a trivial task, especially if no prior information on
the RF parameters is available. In a study on the correlation length of soil pa-
rameters, a minimum of 5 measurement values within one correlation length are

recommended for learning the correlation length of the exponential correlation

model [57].
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4. Conclusion

This paper presents a comprehensive hierarchical Bayesian approach to model
random material properties with spatially distributed data. It is based on mod-
eling a Gaussian random field assuming a normal-gamma prior distribution on
its parameters. Closed-form expressions for the posterior normal-gamma dis-
tribution of the parameters of the random field are derived by making use of
the conjugacy of the normal-gamma distribution and a multivariate Gaussian
likelihood function. Subsequently, closed-form expressions for the spatial pa-
rameter function of the posterior predictive random field are derived, resulting
in a non-homogeneous Student’s t-random field. That is, the marginal distribu-
tion of the posterior predictive random field is a Student’s ¢-distribution with
location-specific parameters.

Sampling from such a random field can be achieved by expressing the Stu-
dent’s t-random field in terms of a Gaussian random field and one additional
chi-squared random variable. For estimating the correlation parameters, a maxi-
muim a-posteriori estimation approach is proposed that accounts for the available
data and potential prior information. In addition, an extension of the approach
to non-Gaussian translation prior random fields is discussed and closed-form
expressions for the case of a lognormal marginal prior distribution are derived.

The applicability of the presented approach to different engineering fields is
illustrated by two examples, one from the field of geotechnical engineering and
one from structural engineering. The derived posterior random field models
reflect the location-specific information from the measurements, whereas their
uncertainty increases with increasing distance from the measurement locations.
Furthermore, it is demonstrated that the uncertainty can be reduced by in-
creasing the amount of data. The spatial fluctuation of the posterior random
field is sensitive to the choice of the correlation length parameter. When no
information is available on the prior autocorrelation function, the maximum
a-posteriori estimate for the correlation length is sensitive to the measurement

data and should be handled with care, especially in the case where limited data

30



606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

621

622

623

624

625

626

627

628

629

630

631

632

is available.

A measurement error can be included to account for uncertainty in the mea-
surements, in which case the variance contribution of the error to the total
random field variance needs to be specified. This contribution can be learned
from the data in a similar way as the parameters of the correlation model, which
remains a topic of future investigations.

The presented modeling approach can be extended to account for a trend
function in the prior random field parameters. A trend in the prior mean can
be included by employing a linear basis function model, similar to the work
of [23]. A parametric dependence can also be included in the prior precision
parameter, which leads to a model known as weighted Bayesian linear regression
[7]. Investigation of these models in the context of material modeling is left to

future studies.

Acknowledgments

This work has been financially supported by the Bundesanstalt fiir Wasser-
bau (Federal Waterways Engineering and Research Institute, Germany). The
corresponding author would like to thank Claus Kunz from the Bundesanstalt
fir Wasserbau who motivated the idea to develop the presented approach and
Prof. Lori Graham-Brady from Johns Hopkins University for many discussions

that have considerably enhanced the quality of the paper.

Appendix A. The posterior normal-gamma distribution

The posterior parameters of the normal-gamma distribution for the param-
eter vector 0 = [ux, )\X]T, as specified in Equations to are derived in
the following.

According to Bayes’ theorem, the posterior distribution f (6|M) is propor-
tional to the product of prior distribution f (@) and likelihood L (8|M), which
are defined in Equations (3)) and . Using the normal-gamma prior distribution
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and the multivariate Gaussian likelihood gives the following expression:

2

a0t} FoA
F(OIM) o AT e (— 02x (Mx—uo)2> oxp (—Axfo)-

- exp (—/\X (X — px1n) R (2, — ,uxln)T) ) (A1)

2

With the definition of A = kg (ux — o)’ —2ux 1R 2] +p21,R,;1T, Equa-

tion (A.1]) can be rearranged as

1

2

@ n_ = 1
£ (OIM) o AT exp (—AX (ﬁo +ia,

R, 'x] + ;A>) : (A.2)

Initially, the focus lies on A which is expanded and modified as follows:

kopo + L, Rt

A= (/{0 + lnR;llll) (/@( —2ux

ko + 1, Rp'1T

) + Ii()/j%. (A-?))

Next, the square of the expression inside the second parenthesis is completed:

Koo + 1nR,_n1:c;rn

A= (ko+1,R;'1] ( -
(o ) (1 Ko+ L,RI1T

2 _ 2
koo + 1, Rt
> + 'KEO/J’% o ( o0M0 m m)

ko + 1,R,'1T

C
(A.4)

The terms of C in Equation (A.4) are expanded and converted to a common

denominator:

C= <,€0Mg1nR;31; — 2ropo 1, Ry, @), — (1nR;1m;)2) (ko + L,R,LT)

(A.5)

Inserting the expression for B and C into Equation (A.2)) gives:

1

b1 1 1
f(OIM) x )\X0+2 2 . exp (—)\X (ﬁo + iscmR;llac; + 2C>) - exp <—/\XB> .

2
(A.6)

The parametric form of the posterior normal-gamma distribution as defined in

Section [2.4] is as follows:

_1
Ng (NX7 >\X|Mn7 Rn, anvﬁn) = Cn>\§n 2. €xXp <_
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Writing out all the terms in Equation and comparing it to one

can see that up to the normalizing constant C,, the resulting expression of

Equation is a normal-gamma distribution with parameters as follows:
kopo + 1, R el

n — ; A8
a ko + 1, R 1T (A4-8)

kin = ko + LRI, (A.9)
an = ap + g7 (A.10)

- - - 2
50— o4 L (mRotaT 4 FoMBLRAL — 2oL, Ry 2], — (LR a])
n 2 mEtm *m /i()‘f']-nR;zl]-Z .
(A.11)
The normalizing constant is
an .2
C, = M (A12)

T () (2)2

Appendix B. The marginal posterior predictive Student’s t-distribution

In Section[2.5] the Student’s t-distribution is introduced as the marginal pos-
terior predictive distribution of the RF X (z) for the normal-gamma conjugate
prior distribution of the RF parameters. This appendix derives the analytical
expressions for the parameters of the marginal posterior predictive distribution
as given in Equations to .

The marginal posterior predictive PDF at any point z € € is defined by

flasziM) = [ (a:2l6.M) £ (0M) do. (B.1)
f(6]M) is the posterior normal-gamma distribution as defined in Equation (9)
and f (x; 2|0, M) is a location-specific normal distribution with parameters p2

and A given by Equations and . Hence, Equation (B.1) can be ex-

panded as follows:

+oo +o00o
f (a: 2IM) = / / N (@l XY N (axtlims ) dpixeG (A et B) A
“w

kx=0 X=—00

(B.2)
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The inner integral involves the convolution of two normal densities:

+oo
/ N (2l )N i lim: o) dpix = f (25210, M) . (B.3)
o

x=—00
For the solution of the integral, the expression for y7, given in Equation is

rewritten as follows:

_ T _ _
Wy = pix + Rz,mle (®m — px1y) = px (1 - Rz,mlell) + Rz,mlew; .

G £
(B.4)
For this special case and noting that A) does not depend on px, the marginal-
ization in Equation can be solved analytically and results in a normal
density f (z;z|A\x,M) =N <$|ﬁz, ;\z), where ji, and A, are given by the fol-

lowing equations [36]:

flz = Ypin + &, (B-5)

_ -1 =
A= (007 ) = Ax (1= RewR R, + (1= RepnRG1T) 5t)

Rz
(B.6)
Inserting in Equation (B.2)) results in

Bon () [T an-1 < ( ix ) >)
zM) = 82— A 2 -\  + — (2 — [z dAx.
f (w5 2IM) I'(ap) (27) /,\Xo x P X\ Pt 2 (@ fiz) X

N

(B.7)

A solution of the integral in Equation (B.7) is readily available and the resulting
expression is as follows [36]:
fan (R ; !
n (R R . '
f(aj; z|M) = ”7zl (/Bn + z (gjz — ,U,z)Q) r (O{n + ) . (B8)
T (o) (27)7 2 2
To bring f (x; z|]M) into a standardized format, we define pi, s = fiz, Az = Rzan
and vy = 2ay, [36). This gives

 (: 2IM) = FF((+)) (A) (1422 0. - uz,n?)“ . (BY)
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Equation describes the marginal posterior predictive distribution of the
RF X(z) given measurement data M, which is a Student’s t-distribution with

location parameter i, ;, scale parameter A, ; and degrees of freedom v, defined

as follows:
ot = tin+ Ben B! (@ = ) (B.10)
At = - — (B.11)
Br (1 - R.,R.'RL, + (1-R.,R'1]) 551)
v 2 (B.12)

where p,, kn, a, and 3, are the posterior parameters of the normal-gamma

distribution given by Equations (11) to (14).

Appendix C. The multivariate posterior predictive Student’s t-distribution

This section extends the derivation of to the multivariate case
to derive the parameters for the k-th order posterior predictive Student’s t-

distribution as given by Equations (23)), and in Section
The PDF of the posterior predictive distribution of the RF X (z) is

f (2:Z|M) = /@ f (2:216,M) £ (8M) e, (1)

with z € RF and Z = [z, ..., z;,] € R¥*4 denoting any set of spatial points in §2.
f(x;Z]0,M) is a k-variate normal density with mean vector pu7, and precision
matrix Az” given by Equations and . f(6]M) is a normal-gamma
distribution as defined in Equation @D and is independent of the locations Z.
Equation is expanded as follows:

+oo +oo
Pz = [ [ N (el Ag") N Gxln ) di -6 (xlans B2) dAx
Ax—o 14

X=—00

(C.2)
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The inner integral can be solved by rewriting Equation as follows:

— T — —
nyz = pixlp + Rz mRy (@ — px1,) = px (1 — RzmR,'1)) + Rz m R, ),

P '3
(C.3)

Using this expression, the integration over px can be performed analytically
and results in the density of a multivariate normal distribution A <w|ﬁz, Az)

with parameters given as [36]

Bz = Nn'(/) + £a (C4)

-1

Az = ((Az") " 497 Q) ') (C.5)

Substituting Equations and (C.3) into Equation (C.5H)), Az can be ex-

presssed as the following linear function of Ax:

~ —1
Az = A\x (Rz — Rz7mR7_an-£)m + (].].C — Rz,mR;llll)T /{;1 (1k — RZ,mR;Il 11)) .

Kz
(C.6)

Inserting N (m|ﬂz,fxz> into Equation (C.2) gives

+oo

f @z = |

N(£B|ﬂz7f<z)\x) g(Ax‘Oq“ﬁn)d)\X (C?)
)\XZO

Next, an alternative parametrization is introduced, defining v; = 2a,, and 1 =

’\;‘K—f". Inserted into Equation ((C.7)), this gives the following [36]:

(2 ZIM) = /+Oo./\/<a:

n=0

Vg Vg

= 5) dn,  (C.8)

- o oy
szKzﬁn) g (77

for which a solution is available [36]. The resulting expression is

. () 1 g ( n )’; o (@ — fiz) Kz (. — fiz)" -
f($7Z|M) - (%) ’KZ BnTr b Bnli )
(C.9)
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(8] ~
which is a k-variate Student’s t-distribution with parameters fiz, —Kgz and v;.
n

~ (0779 . . .
Defining pz + = fiz and Az = ﬂ—nKz yields the expression of Equation
n
for the k-th order posterior predictive distribution of X (z) given measurement

data M. That is, f (z; Z|M) = f; (x|pz,t, Az, ) with parameters given as

Hz.t = N/nlk + RZ,TI’LR7_nl (wm - Mnln)Ta (ClO)
(7% _ _ _ _ ™!
Az = 5 (Rz ~RapRORE, 4 (e~ Rz R D) ) (1~ Ra R,
(C.11)
Vg = QOén, (012)

where i, kn, a, and 3, are the posterior parameters of the normal-gamma

distribution given by Equations (11) to (14).

Appendix D. The log-Student’s t-distribution

In Section the log-Student’s t-distribution is introduced as resulting
marginal distribution of the posterior predictive RF when the prior RF has log-
normal marginal distribution. In this appendix, the log-Student’s ¢-distribution
and some of its properties are described.

When X follows a Student’s ¢-distribution, ¥ = exp (X) follows the log-
Student’s t-distribution [50, 52]. The PDF can be derived as follows:

dln (y)
dy

Fom (y) = ]

fi (In (y)) = ift (In (1)), (D.1)

where f; (-) is the PDF of the Student’s ¢-distribution, which gives

r(z 4l 3 ) 7
ft,m(y,m,m):y_lu;;)(&) (HAtanww) |

Vi

(D.2)

where ¢, A; and vy are the parameters of the underlying Student’s t-distribution.

The CDF of Y is given by the CDF of the underlying Student’s t-distribution
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with argument In (y):

Fyan (ylpe, Ay ve) = Fy (In(y) |pe, e, ) - (D.3)

The log-Student’s t-distribution does not have finite moments of any order. A

simple proof is given in the following. The expected value of Y is defined as:
E[Y] = E[exp (X)], (D.4)

where X follows the Student’s t-distribution. The exponential function can be

written in terms of the following power series [e.g. [68]:
exp (z) = Z o (D.5)
k=0

which can be substituted into Equation (D.4]) to give:

oo

Xk
PR

k=0

B[

E[Y]=E .

(D.6)

k=0
E [X*] is the k-th raw moment of the Student’s ¢-distributed random variable
X. However, the moments of the Student’s t-distribution are only finite for

orders k < v; [59] and thus, the following holds for E[Y] due to the sum in

Equation :
E[Y] — oo for vy < 0. (D.7)

Since the first-order moment of Y is infinite, all higher-order integer moments
of Y, as well as joint moments for the multivariate case, will also be infinite. In
the limiting case, when 1, — oo, the log-Student’s ¢-distribution converges to

the lognormal distribution, which has finite moments of any order.
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