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Abstract

The identification of parameters of structural models through measurements of the system’s response is of interest
in many contexts. In Bayesian system identification the underlying inverse problem is formulated in a probabilistic
setting, and Bayes’ rule is applied to update a prior conjecture on the parameters. We apply the Bayesian framework to
identify the parameters of structural systems using dynamic measurement data. The likelihood function is formulated
in terms of the misfit of the frequency transformed data and the model frequency response function. We introduce
a novel formulation that accounts for the correlation of the model error in both spatial and frequency domain. The
proposed formulation is able to handle dense data sets in the frequency domain without need to manually select data
points. Due to the high computational demands of sampling-based approaches for solving the Bayesian updating
problem with expensive structural dynamics models, we resort to surrogate models. We apply a recently introduced
rational surrogate model that approximates the complex frequency response as a rational of two polynomials with
complex coefficients. Samples of the posterior distribution of the model parameters are then obtained through an
adaptive sequential sampling approach using the surrogate instead of the original dynamic model. The proposed
method is successfully applied to identify the orthotropic stiffness and damping parameters of a finite element model
of a cross laminated timber plate.

Keywords: Bayesian Updating, Parameter Updating, Structural Dynamics, Surrogate Model, Frequency Response
Function, Rational Function Approximation

1. Introduction

In structural dynamics, one is interested in determining the dynamic response of a structure or system as a basis for
design decisions to ensure a satisfactory performance of the system related to safety and serviceability. Applications of
structural dynamics have a wide range and include civil, automotive and aerospace engineering systems. The dynamic
system response is governed by a set of differential equations, whose parameters define the structural characteristics
of the system. Typically, the spatial domain is discretized by a numerical method, often the finite element method,
in which case the problem is formulated as a discrete finite element system. The structural response can then be
determined in the time or frequency domain.

When comparing computed model results to measurements conducted on existing structures, usually noticeable
discrepancies are observed. These discrepancies are due to measurement errors and, more importantly, errors related
to the model response. The latter stem from a lack of knowledge of the parameter values, such as the stiffness, damping
or mass, and possibly a lack of understanding of the behavior of the actual system. The information contained in the
measurements can be used to reduce these errors. This procedure is known as system identification [1, 2, 3, 4].

System identification can be performed with parametric and non-parametric approaches. This paper focuses on the
parametric approach to model updating, also termed parameter updating or indirect system identification [5]. In the
scope of parametric model updating, it is assumed that a mathematical model structure can be deduced from physical
understanding of the structure. Then, the task is to determine the parameters of a chosen model such that the model
best describes the measurements. A wide range of methods for parametric model updating have been proposed in the
literature. Typically results from vibration measurements, such as acceleration time histories, frequency responses,
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natural frequencies and mode shapes, modal strains or curvatures or modal flexibilities [6] are utilized for this purpose.
A distinction is made between deterministic and probabilistic approaches.

Deterministic approaches aim at finding an optimal parameter set, such that the discrepancy between model output
and measurement is minimized. This is typically stated as an optimization problem. An overview of deterministic
updating techniques can be found in [7]. Despite the fact that deterministic methods have been successfully applied,
they have limitations. A common problem is the ill-posedness and ill-conditioning of the optimization problem. These
issues can be efficiently treated through considering the inverse problem in a probabilistic framework.

Within a probabilistic framework, the quantities which are subject to uncertainty, such as parameters in the struc-
tural models and the errors themselves, are modeled as random variables. Commonly, the uncertainty is separated into
model prediction and measurement uncertainty [6]. The uncertainty attributed to a quantity is then fully described
by its probability density function (PDF). A commonly applied method to solve the probabilistic inverse problem is
Bayesian updating. Through Bayesian updating the probabilistic description of the system parameters conditional
on the observed measurements can be found [8]. The prior knowledge on the uncertain parameters, i.e. before
the measurements become available, is expressed through the prior distribution. The distribution conditional on the
measurements is found by application of Bayes’ rule as the normalized product of the prior PDF and the likelihood
function, which summarizes the measurements. The prior distribution imposes a regularization to the inverse prob-
lem, which effectively addresses its ill-posedness. The application of Bayesian methods to system identification is
presented in, e.g., [9]. A Bayesian statistical framework for updating structural models is given by [10] and a detailed
discussion of Bayesian methods in structural dynamics can be found in [11].

The evaluation of the posterior distribution requires solving a possibly high-dimensional integral. Except from
some trivial cases this integral needs to be approximated numerically. A number of methods have been developed for
this purpose. Asymptotic approximation methods, such as Laplace approximation [12], assume a Gaussian posterior
distribution centered around the maximum a-posteriori (MAP) estimate [10]. Laplace approximations are inaccurate
in problems with small numbers of measurements and are difficult to obtain in multimodal (non-uniquely identifiable)
problems. For this reason, increasing attention has been given to stochastic methods, among which the most common
method is Markov Chain Monte Carlo (MCMC) sampling [13]. A general discussion of MCMC sampling in the scope
of Bayesian updating of structural models is given in [14]. Examples of MCMC methods and other variants thereof
applied to Bayesian updating in structural dynamics include Gibbs-sampling [15], Transitional MCMC (TMCMC)
[16, 17] or evolutionary MCMC methods [18, 19, 20]. An alternative approach to MCMC is the BUS approach, which
employs sampling-based structural reliability methods to sample from the posterior distribution [21]. Application of
the BUS approach combined with subset simulation to structural identification problems can be found in [21, 22, 23].

In sampling approaches, the model outcome needs to be computed for a large number of samples of the parameters,
which can be prohibitive for computationally intensive models. For this reason, surrogate models are often used
to approximate the computationally intensive model through a simple mathematical model that can be evaluated
much faster. Popular choices include polynomial chaos expansions (PCE) [24, 25], Neumann series expansions
[26] and machine learning techniques such as neural networks [27] or Gaussian process models [28]. Applications
of surrogate modelling techniques combined with sampling approaches to Bayesian structural identification can be
found in [29, 30]

Often, the inverse problem is formulated in terms of the modal properties of the system [15, 31, 32, 33, 34]. This
requires the application of modal identification techniques, e.g., [35, 36, 37]. Despite the successful application and
computational efficiency of modal data based approaches, the modal identification from time domain data can be error-
prone. To avoid the modal analysis with possible identification errors, frequency response based approaches can be
chosen. This is especially important for models with high modal density where modal identification is a challenging
task [38]. It should be noted that the application of model updating based on the frequency response requires the
availability of both, excitation and response measurement data.

Approaches to Bayesian updating using frequency response data are presented in [18, 19, 20, 39]. [19] discusses
various error sources and their influence on the likelihood formulation. A PCE-based surrogate model is built to
approximate the frequency response function (FRF) as a function of the modal properties. Posterior samples are
computed through an evolutionary MCMC method. [39] solve the Bayesian identification problem with MCMC for a
three degree of freedom system. Another approach is given in [40], where eigenfrequencies and FRF data are used in
the updating procedure in low- and medium-frequency band, respectively.

This paper proposes a Bayesian parameter updating procedure for linear dynamic models that is based on fre-
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quency response data obtained from measurements. A novel formulation of the likelihood function relating the fre-
quency data with the model response is introduced, which accounts for the correlation of the model error in both
spatial and frequency domain. The formulation employs a multivariate complex normal distribution for the logarithm
of the model error, leading to a joint normal distribution for the logarithm of the absolute value and the phase of the
model error. The computational cost is reduced by combining the updating procedure with a surrogate model recently
introduced in [41], which is especially suited for approximating FRFs. The surrogate model expresses the FRF as a
ratio of polynomial chaos representations and is thus able to capture the highly non-linear behavior in terms of the
model parameters. The coeflicients of the surrogate model are determined based on a non-intrusive regression-based
approach, which allows the coupling with any black-box finite element solver. We then employ an adaptive variant of
BUS with subset simulation to generate samples from the posterior distribution [23] using the surrogate model instead
of the numerical model of the system. A numerical example is presented that applies the proposed updating method
to a cross-laminated timber (CLT) plate.

The outline of the paper is as follows. First, a description for the linear dynamic system with parameter uncertainty
is given. In Section 3 the rational function approximation is introduced and a regression based method for estimating
the coefficients is presented. Section 4 presents the Bayesian updating problem. Furthermore the likelihood function
definition and the prior assumptions are discussed. Finally in Section 5, the proposed framework is applied to update
the model parameters of a cross-laminated timber plate. The paper closes with the conclusions in Section 6.

2. Linear dynamic model with parameter uncertainty

Within the proposed framework, Bayesian updating makes use of measurement data to update the parameters of an
engineering model of a given physical system. We assume that the physical system is modeled by a space-discretized,
linear dynamic system with N degrees of freedom (DOF). Let X be a random vector with outcome space R? and
joint probability density function (PDF) fx (x). X models a set of uncertain parameters that influence the state of the
dynamic system. The matrices K (X), C (X) and M (X) denote stiffness, damping and mass matrix with parametric
uncertainty. The equation of motion describing the system state in the frequency domain is given as

KX) it (w,X) + iwC (X) it (w0, X) — 0*M (X) it (w, X) = f(w). 1

Here, f (w) and i (w, X) are the deterministic force and the uncertain displacement vector in the frequency domain
andi = V-1 denotes the imaginary number.

From the above, it is evident that the outcome space of the solution @ is the N-dimensional complex set CV. The
frequency response function (FRF) /; i : RxRY - C, defining the acceleration at DOF i due to a force f] at DOF jin
terms of the circular frequency w is then found by the ratio

D~
iy (0, X) =~ @ X) @)
Ji(w)

3. Rational Function Approximation

Sampling-based Bayesian system identification requires a large number of model evaluations for different real-
izations of X. Rather than using the model output directly, one may construct surrogate models that approximate the
original model by a simple mathematical form. The surrogate model can then be used instead of the original model,
thus alleviating high computational cost. A large number of surrogate models have been proposed in the literature,
including artificial neural networks, polynomial chaos expansion (PCE) and Gaussian process models. The PCE is
a popular choice due to its guaranteed convergence property [42]. However, as discussed in [41, 43], the classical
PCE approach exhibits slow convergence in the case of representing FRFs due to their inherent nonlinear nature. In
order to improve the convergence of PCE for representing FRFs, we introduced a non-intrusive rational surrogate
model, termed rational function approximation, in [41]. This rational structure is suitable to represent FRFs in terms
of the parameters of the model, as the original model itself can be interpreted as a rational function over the space of
input parameters. We give a short but comprehensive summary of this model, which is subsequently applied in the
probabilistic identification setting.
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Without loss of generality, we assume that the random vector X follows the independent standard Gaussian dis-
tribution. In case this assumption does not apply it is possible to transform X to an equivalent independent standard
normal random vector through an iso-probabilistic transform [44]. Consider a numerical model M (X) with outcome
space C. Let P (X) and Q (X) be truncated polynomial chaos representations with maximum orders m,, and m,, such
that

ny—1 ng—1
PX)= ) pi(X), 0X) =) q¥i(X). 3)

i=0 i=0
Here {p; € C,i = 0,...,n, — 1} and {g; € C,i = 0,...,n, — 1} are complex coefficients and ¥; are the multivariate
Hermite polynomials. The set {¥;,i = 0,...,n} consists of products of univariate normalized Hermite polynomials

of maximum total degree m; it is n = (d:’nm). We define the rational function approximation (RFA) R(X) obtained by
taking the ratio of the two PCE representations of Eq. (3):

PX) _ Z?ﬁ_l piti (X)
0w g (X)

R(X) = “

In order to determine the unknown coefficients in Eq. (4), a regression method is developed in [41]. In this approach
the coefficients are found by minimization of the modified mean-square error err, defined as

& = E[IMX) 0 (X) - P(X)P]. )

err is the mean-square of the truncation error M (X) — R (X) multiplied by the denominator Q (X) of the rational
approximation. Using a set of samples {x;,k = 1,...,N} of X and corresponding model evaluations {M(xx),k =
1,...,N}, we estimate the coefficients {p;} and {g;} through minimizing a sample estimate of err. Throughout this
paper, we use Latin hypercube sampling (LHS) in order to generate samples of X. Substituting the expressions of
Eq. (3) in Eq. (5) and performing the sampling approximation, we define the following minimization problem

ng—1 np—1 2

1 N
(p.q) = argmin — > IM(x) Y 3% (00 — ) pi¥i(x)] - (©)
k=1 i=0 i=0

{(P.qleCr™a

The minimizer is the solution of the following homogeneous linear system of equations of dimensions (n, + ny) X
(np +ny)
Ar=0. (7

Here r = [p; q] € C"*) is the vector of unknown coefficients and A € C"»*+"X+1) ig defined as follows

A

_ [ Yiw, Y7 diag (M) ¥ } 8)

—W! diag (M")¥p W diag (M o M*) ¥,

where diag (-) is the diagonal matrix whose diagonal entries are the elements of (:), o denotes the Hadamard product
and * denotes complex conjugation. Matrices ¥p € RV and Y, € R have as (i, j)-element ¥ j(x;) and vector
M € CV has as i-element the model evaluation M (x;). A non-trivial solution r # 0 to the homogeneous system of
Eq. (7) can be found through the minimum-norm least-squares solution.

r=arg min”A?“2 subject to ”?“2 =1. ©)

?E(C(”l’ +ng)

A solution to this problem can be found through applying singular value decomposition.

4. Bayesian parameter updating with FRF data

Bayesian updating (also termed Bayesian inference) is a statistical framework that can be used to infer model
parameters and their uncertainty based on measurements. Consider a set of measurements of a dynamic system Yo are
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available, from which the frequency response can be obtained. Y could include data obtained at different frequencies
and spatial locations of the structure. The measurements Yo can be used to learn the probability distribution of the
model parameters X by application of Bayes’ theorem, which states

fxlYo) = ¢ L(xlYo) fx (%) . (10)

Here fx (x) denotes the prior joint PDF of the model parameters, i.e. the joint PDF of X before the measurements Yo
become available, fx (x|Yo) is the posterior joint PDF of X, i.e. the conditional PDF of X given Y, and L (x|Yo)
is the likelihood function describing the information in Yy. L (x|Y) is proportional to the probability of Yo given a
parameter state, i.e.

L(x|Yp) x Pr(YplX =x) . an

The constant cg is a proportionality constant that ensures that the posterior PDF integrates to 1. It is:
e = [ LWo) fe ax. (12)
Q

where Q C R is the outcome space of the prior PDF of X. ¢ is a measure of the plausibility of the assumed model
class and is often referred to as model evidence [45]. The model evidence gives a rational means for selecting the
most appropriate model to describe the data Y, as the model that maximizes ¢y among the considered models. In
the following, we derive the likelihood function that describes measurements of the FRF of a dynamic system through
relating the measurement outcome with the response of the surrogate model.

4.1. Likelihood function

The likelihood function is derived by considering the relation between the response of the surrogate model and
the measurement outcomes. We assume an error model that relates the surrogate model and measurement FRFs as
follows

Yo+e, = Ys(X)o gy, (13)

where Yo € C" is the measurement data, Ys € C" is the surrogate model outcome, &, and &, are the observa-
tion and model error, respectively, which we model as random variables, and o denotes the Hadamard product. All
quantities denote vector quantities. The model error collects all errors that are introduced, e.g., through mathematical
modelling of a system, the numerical discretization and the surrogate approximation. The model errors are often
assumed to be multiplicative, see, e.g., [21]. The additive observation error can stem from noise contributions from
the measurement setup or Fourier transform errors. We make the assumption that the observation error is negligible
compared to the model error, hence we set &, = 0. This assumption is consistent with the application we consider in
Section 5. In the following we set & = g, for notational convenience. The model errors can be expressed as follows:

&=lele, (14)

where |g| denotes the amplitudes and € the phases of the model errors. We model the amplitudes |e| with a multivariate
lognormal distribution and the phases @ with a multivariate normal distribution and assume independence between ||
and 6. This implies that the element-wise natural logarithm of &,

loge = log|&| + 16, (15)
follows the improper multivariate complex normal distribution [46]. Taking the logarithm of Eq. (13), we get:
log Yo =logYs(X) + loge. (16)
This leads to the following expression for the likelihood function:

L(x1Y0) = fioge (log Yo — log Y 5(x)) a7
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The complex normal distribution can be expressed in terms of a joint normal distribution for real and imaginary part.
For notational convenience we define w = log |g|]. Thus, the real composite random vector [w; @] follows the normal

distribution. We finally obtain
AU 0] [o2R, 0
o a5 ) a

where o, is the global standard deviation of the magnitude of the model error, o is the global standard deviation of
the phase of the model error, and R,, and Ry are the correlation coefficient matrices. Under this model, it is necessary
to specify a correlation model for R,, and Ry. For the remainder of this paper we assume that R,, and Ry are equal
and set R = R,, = Ry. A straightforward choice would be to neglect correlation between observations and to use
the identity matrix, R = I. However, the prediction error correlation can have significant influence on the posterior
distribution, especially when densely populated sensor grids and high sampling rates are used [47]. In Section 5 we
compare the results obtained using the below introduced correlation model and the case when the correlation of the
model error is neglected. The following stationary exponential correlation model is chosen to model the dependency
between spatial observation points and frequency domain points:

p (A p) =r-pp(Af)+ (=) p.(A) (19)
with
A
p: (A;) = exp (— = ) : (20)
A
I exp(—l ff) , 1)

and A, = Hz,- -z j“2 being the euclidean distances between the accelerometer locations z; and z, [, ; the corresponding
spatial correlation length, A, = | fi — fjl the absolute difference between two frequency points f; and f; and /., s the
corresponding frequency domain correlation length. The ratio r € [0, 1] models the split between the spatial and
frequency domain correlation. In contrast to multiplying both univariate correlation models, the additive link allows
for a basic correlation in either of the limits

Alim p=>0-rp; ), (22)
00
A121£nmp =rps (Af) . (23)

Still, it holds lim p = 0. Measurement and surrogate model evaluations are arranged in vector format and ordered

Af,A;—00
according to the index
I=i+(s—1) nyp, 24)

where i is an index over all accelerometer points ny, and s over all frequency points ny. For simplicity we assume
a single observation at each point in space and frequency domain (z;, f). Thus, the number of observations becomes
no = Nmp - ny. The correlation coeflicient matrix R then reads

R =r(Rp;®Ly,)+(1-n(L, 8Ry). (25)

with I, the n X n-identity matrix, R, the nyy X nyp spatial correlation matrix based on Eq. (20), Ry the ny X ny
frequency domain correlation matrix based on Eq. (21), and ® the Kronecker-product. Thus, p, and X, have size
2np x 1 and 2np X 2np, respectively.

In total, the model error is now described by five hyper-parameters: model error standard deviations o, and o7,
spatial correlation length [, ;, frequency correlation length [, s and ratio 7. Since there are no reliable assumptions on
those quantities, they are also treated as unknown random variables and included in the updating scheme.

The joint PDF of real and imaginary part of the model error for a complex scalar observation assuming the joint
lognormal-normal model for absolute value and phase is depicted in Fig. 1 for different combinations of standard
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Figure 1: Contour plot of the joint PDF of the real and imaginary part of the (scalar) complex model error, Re{¢} and Im{&}, under the assumption of
lognormally distributed absolute value |¢| and normally distributed phase 6 for different combinations of standard deviations o, and o7, as defined
in Eq. A.9. It can be observed that through the proposed error model the likelihood functions gets a directional characteristic which points away
from the origin of the complex plane.

deviations of the logarithm of the absolute value and the phase of the error o, and o7y, respectively. We derive the
joint PDF of real and imaginary parts in Appendix A. The illustration of real and imaginary part offers an insight
into the structure of the model error under the proposed assumptions. One can observe that the shape of the joint PDF
changes significantly with o, and 0. For a low standard deviation of the logarithm of the absolute value, most of
the probability mass lies along a circular arc, the median absolute value is equal to one. The spread of the joint PDF
along Im{e} is controlled by the standard deviation of the phase oy. For a low standard deviation of the phase, most
of the probability lies along the real line. In the case where both standard deviations are significant, we observe that
the contours of the joint PDF align along a kidney-like shape. In the vicinity of the origin of the complex plane the
joint PDF assumes low values, which is due to the fact the error is assumed to be multiplicative. One always obtains
a directional characteristic whereby the probability mass points away from the origin of the complex plane.

Remark: Although we neglect the additive error in the derivation it can be easily incorporated when applying
sampling-based approaches for updating. If one assumes a complex normal distribution for the additive error, this
can be done through adding noise samples from the additivie error to the measurement observation. This approach
enables learning the variance hyperparamter of the additive noise.

4.2. Bayesian updating with subset simulation

The solution of Eq. (10) requires evaluating a potentially high-dimensional integral. Here, we apply a sampling-
based approach to approximate the posterior distribution and estimate the model evidence cg that combines the BUS
approach with subset simulation (SuS). The BUS approach, originally proposed in [21], is based on redefining the
Bayesian updating problem as a structural reliability problem. Consider the augmented outcome space [X, p], where
x represents outcomes of the random vector with density equal to the prior density fx(x) and p is the outcome of a
standard uniform random variable that is independent from X. In structural reliability, one is interested in evaluating
the probability of failure of a structure. The failure event is described in terms of a limit-state function, i(x, p), as the
collection of outcomes for which A(x, p) < 0. Consider the limit-state function:

h(x, p) = p— cL(x|¥Y0) , (26)

where ¢ is a constant that satisfies cL (x|Yp) < 1 for all x € Q. It can be shown that the posterior PDF can be
retrieved by censoring the prior PDF fx(x) on the domain Q; = {h(x,p) < 0} [21]. Therefore samples from the
posterior distribution can be obtained as the failure samples in the structural reliability problem for evaluating Pr(Z)
with Z = {[x, p] € Qz}. If the likelihood function is concentrated around small areas of Q (i.e. the likelihood
is peaky), then the probability Pr(Z) becomes small and standard Monte Carlo is inefficient. Therefore, alternative
structural reliability methods are used that are able to estimate small failure probabilities more efficiently.

7
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Here, we apply SuS, which is an adaptive Monte Carlo method developed for estimation of small failure probabil-
ities in high dimensions [48]. The basic idea of SuS is to express the event Z as an intersection of a set of intermediate
nested events, i.e. Z = nl.JZIZi with Zy D Z, D .-+ D Z; = Z and Z, representing the certain event. The probability
Pr(Z) is then expressed as a product of conditional probabilities:

J
Pr(Z) = Pr(nL,Z) = ]_[ Pr(Z|Zi,). 27)
i=1

The first probability Pr(Z;|Zy) = Pr(Z,) is evaluated with standard Monte Carlo. Then MCMC approaches are used
to sequentially estimate the conditional probabilities Pr(Z;|Z;_1),i = 2, ..., J [49]. In the final sampling step, an addi-
tional MCMC step is applied to obtain failure samples conditional on Z; = Z, which follow the posterior distribution.
We employ an adaptive version of the BUS-SuS approach, proposed in [23], which adaptively estimates the constant
c in Eq. (26) as the reciprocal of the maximum over the likelihood function values for all samples. Having estimated
the probability Pr(Z) and constant c, an estimate of the model evidence cg is obtained as:

oy = 1D (28)

C

Details on the implementation of the adaptive BUS-SuS approach can be found in [23]. Throughout this paper, we
set the intermediate conditional probabilities to pp = 0.2. The number of samples per level and posterior samples is
chosen to be N, = 5 - 10*.

5. Application

The proposed method is applied to measurements and model of a cross-laminated timber (CLT) plate, depicted in
Fig. 2. CLT is a novel timber building material made of perpendicularly glued timber beams [50]. The model updating
problem for the bending vibration properties of CLT was also approached by [51], where model updating was done
for stripes of CLT, thus neglecting the two-dimensional behavior of plate elements. Therein, modal data is used to
identify material parameters and investigate homogenized and sandwich models.

In the following, we first discuss specific aspects of the mechanical modeling of CLT and describe the evaluation
of the measurements. Subsequently, we introduce the prior PDF and then investigate the proposed updating method.
The frequency range from 25 to 160 Hz is considered, and uniformly sampled frequencies are used with a frequency
step size of 1 Hz. For the calculation of the coeflicients of the rational approximation in Eq. (4), we use a maximum
polynomial degree of m, = 3 and m, = 4 for numerator and denominator, respectively. The experimental design
used to identify the parameters of the surrogate model is generated with LHS from the prior distribution of the input
random variables. The size of the experimental design N is chosen as three times the number of unknown coefficients
np, +ng.

5.1. Finite element models of the cross-laminated timber plate

In Section 2, the general linear structural dynamics problem is presented. Here, structural matrices K (X), C (X)
and M (X) enter. These depend, inter alia, on the underlying governing equations. Various approaches can be chosen to
mechanically model the dynamic behavior of CLT structures. We investigate two alternatives, one applying Reissner-
Mindlin shell theory using homogenized material parameters, as described in [52], and the other derived from three-
dimensional elasticity theory, where each layer volume is modeled separately. For both models an orthotropic material
model is applied, which is described by nine parameters, namely three Young’s moduli, three shear moduli and three
Poisson’s ratios (cf. [52]). All layers are assigned the same stiffness values, i.e. all material parameters are constant
throughout the plate domain. The cross-wise layering is accounted for by considering the local fiber directions in
each layer. From here on the models are termed shell and solid model, respectively. Both models are implemented in
the commercial finite element software ANSYS® [53], using the element formulations SHELL281 for the shell model
and SOLID 185 for the solid model. For both models a spatial mesh size of 4 = 0.1 m in the finite element analysis
isused. We further choose a linear hysteretic damping model, as it supports a frequency-independent energy loss for
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steady state motion per cycle, which is a realistic assumption for many materials, including cross-laminated timber
[54]. Under this model, the damping matrix can be expressed through

c=1K. (29)

(]

Here, 7 is the hysteretic or structural damping coefficient, which is related to the damping ratio  as n = 2{.

5.2. Measurement

2.50

6 Excitation point
® Response location

Figure 2: Geometry and setup of CLT-element, all measures inm. The five accelerometers depicted in blue (—) are highlighted for clarity, as we
use data obtained at these locations.

Measurements for the investigations in this paper were available from the University of Applied Sciences in
Rosenheim [55]. The plate under consideration consists of three cross wise laminated layers of timber with a thickness
of t; = 0.027m (total thickness # = 0.081 m), length of / = 2.5m and breadth of b = 1.1m, as depicted in Fig.
2. The plate is hanging freely from two cables attached at the boundary x = 0. Excitation is applied using an
impedance hammer to create an impulse force at forcing location V. The input force and response acceleration time
histories are recorded at 18 spatial locations on the depicted grid. Each accelerometer is associated with a tupel
(j, k) that describes its placement on the plate in x- and y-direction. Indices j and k are ordered in increasing x-
and y-direction, respectively. Thus, j € {1,...,6} and k € {1,...,3}. A single index is given by i = j+ 6(k—1)
with i € {1,...,18} for the ny, = 18 accelerometer positions. The response is measured perpendicular to the plate
surface. A measurement time of 7 = 16 s and sampling frequency of fg = 19200 Hz are used and the measurement
is repeated five times. Subsequently, a Fast Fourier Transform (FFT) is applied to obtain frequency domain data.
As the signals are transients, and decay within the measurement time, we do not apply windowing to the signal.
The corresponding Nyquist frequency follows as %5 = 9600Hz (cf. [56]). From the Fourier transformed data we
evaluate the experimental frequency response function using the Hl-estimator, see e.g. in [4]. As an example, the
resulting estimate of the absolute value of the frequency response from measurement point (j, k) = (6,3) as well as
the individual FRFs obtained from the five repetitions are depicted in Fig. 3 in the frequency range from 0 to 300 Hz.

It can be observed that above approximately 160 Hz, there are inconsistencies between the individual measurements
(grey dashed lines). For this reason we restrict the considered frequency range to a maximum frequency of 160 Hz.
Furthermore, after careful investigation of the measurement data, we choose the locations with a coherence (cf. [4])
close to one throughout the whole frequency range of interest. The results for k = 1 showed poor coherence, thus we
did not include any of these points. This leads to five points (i € {7, 10, 12, 14, 18}), indicated in blue in Fig. 2.
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5.3. Prior distribution
The vector of random variables is

T
X = |Ew By, Gy £, 0s 005 Leozs oo 7| - (30)

Here E, and E, are the Youngs’s moduli in longitudinal direction and cross-direction, respectively, G,, is the in-plane
shear modulus and ¢ is the damping ratio. The Young’s modulus in the third direction E; (the thickness direction)
has no influence on the response unless the excitation frequency reaches the eigenfrequency of the first thickness
mode, which can be neglected here [57]. For this reason we insert it deterministically as 3.7 - 10%.  Furthermore,
we consider the out-of-plane shear moduli in longitudinal and cross-direction, G,; and Gy, as deterministic and do
not include them in the updating. Initial investigations show that their distributions are not well-identifiable. This
is related to their low influence on the model outcome in the considered frequency range. For those frequencies
the shear deformations can be considered to be negligible and the Kirchhoff assumption should hold valid. This is
further indicated when comparing the wave length and speed for waves in homogeneous orthotropic media, as the
deviations in these quantities, assuming Kirchhoff or Reissner-Mindlin theory, are quite small. The minor Poisson’s
ratios and material density are modeled deterministically as vy, = v,, = 1.4 - 1072, vy =03 and p = 442%. The
density is calculated from the measured total weight of the plate. A global damping ratio is assumed, whose prior
distribution is based on engineering judgment. The prior distribution assumptions for the stiffness parameters are
separately discussed for solid and shell model subsequently. The model choices are summarized in Tab. 1.

5.3.1. Solid model

For the solid model, the stiffnesses are given with respect to the local orientation of the single layers and the
single layers are all modeled by a single stiffness value. The mean values of the material properties for the single
layers are taken from [58]. The coefficient of variation and distribution type of the single layer properties are chosen
in accordance with [59]. The coefficients 0.85 and 0.7 for E, and Gy, respectively, account for missing gluing on
narrow edges in cross direction and are taken from [60].

5.3.2. Shell model

The prior distribution assumptions of the homogenized material parameters are obtained as follows. First mean
values of the material properties for the single layers are taken from [58]. Subsequently, these are propagated through
the homogenization model given in [52] to obtain the corresponding homogenized material parameters. These can
thus be seen as first-order approximations of the true mean values of the homogenized material properties. The
homogenized Young’s moduli of the shell model can be interpreted as the weighted arithmetic mean of the single
layers’ Young’s moduli. Due to the different orientation we observe a more significant difference between the Young’s
moduli for shell and solid model in y-direction as compared to the Young’s moduli in x-direction. The coefficient of
variation and distribution type of the homogenized properties are chosen in accordance with [59]. Note that [58, 59]
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Table 1: Parameters for prior distributions for shell and solid model

Distribution Mean value Coefficient of variation
Shell model Solid model
E.inNm™2  Lognormal 1.061 - 1010 1.1-10% 0.1
E,inNm™2  Lognormal  0.85-7.605-10% =6.5-10%  0.85-3.667-10% = 3.1 - 108 0.1
GyinNm™2  Lognormal 0.7-6.9-10% = 4,83 - 108 0.1
e Lognormal 2.1072 0.3
oy Lognormal 0.1 1
g Lognormal 0.1 1
leoz In M Lognormal 0.5 1
leo,r in Hz Lognormal 5 1
Distribution Lower bound Upper bound
r Uniform 0 1

give guidelines for choosing distributions of materials of single layers; we assume that these still hold well enough
after homogenization. This is consistent with the prior distributions of the solid model, where the material parameters
at each layer are assumed to be fully correlated. The coefficients 0.85 and 0.7 for E, and G,,, respectively, account
for missing gluing on narrow edges in cross direction and are taken from [60]. We emphasize that the Young’s moduli
represent the individual layer’s material characteristics for the solid model while for the shell model they represent
the overall plate’s homogenized orthotropic material parameters.

5.3.3. Error model
The prior distribution of the error model hyperparameters are chosen based on the authors’ judgement. We choose
large values for the prior coefficients of variation in order to make the prior distributions less informative.

5.4. Results

In the following, we present results for both models. FE model evaluations are done for the chosen ny frequency
points, and one surrogate model is built for each combination of location and frequency point. Thus, np = 5-136 = 680
surrogate models are built. For the generated surrogate models, the relative 4-fold cross-validation error, as defined in
[41], is depicted in Fig. B.9 in Appendix B. The cross-validation error is evaluated using the N experimental design
samples. Low error measures are obtained throughout the spatial and frequency range except for few points. It is
expected that these errors are not significant as long as the posterior probability mass is not too far off the prior sample
range, since these large errors are caused by outliers in the experimental design [41].

Estimates of the posterior distribution parameters are summarized in Tab. 2 and scatter plots of the N, = 5 - 10*
posterior samples are shown in Figs. 4 and 5 for the shell and solid model, respectively. Figs. 8 shows the posterior
samples for the shell model in the case, where the model error correlation is neglected.

Both elastic moduli E, and E, are identified with a high degree of certainty as indicated by the low posterior
coeflicients of variation. For the shell model, the posterior coefficient of variation of E, is 0.3%, which is lower than
the value 0.9% obtained with the solid model. We note that the results for shell and solid model are different due to
the underlying homogenization of the material parameters for the shell model. Also the in-plane shear modulus G, is
well-identified. This observation holds for both models. The posterior mean values for the damping parameter { are
similar for both models and are slightly increased relative to the prior mean value; they now have smaller coefficient
of variation compared to the prior distribution.

The posterior mean values of the model error standard deviations o, and o7y are larger than the prior mean values.
Furthermore, the posterior mean values of both correlation lengths are increased. They show very good agreement
for both models. The mean value of the spatial correlation length [, . lies well above the physical dimensions of the
plate, implying highly correlated model errors in the spatial domain. One can observe that the posterior distribution
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Table 2: Mean, mode and coefficient of variation of posterior distribution.

Mean value Mode Coefficient of variation
Shell model ~ Solid model  Shell model  Solid model ~ Shell model  Solid model

E, in Nm™ 1.13-10% 1.21-10% 1.13-10% 1.21-10% 0.4% 0.4%
Eyin Nm™2 7.52-108 2.73-108 7.52-108 2.73-108 0.3% 0.9%
GyinNm=2 471108 4.65-108 4.71-108 4.65-108 0.5% 0.5%
e 2481072 258102 2481072  2.59-1072 3.2% 3.4%
o 0.31 0.33 0.31 0.33 5.5% 4.8%
o 0.31 0.33 0.31 0.34 5.4% 4.6%
leoz inm 49.8 49.6 475 50.8 17.8% 15.2%
leo.f in Hz 10.1 1.5 9.9 11.6 13.5% 10.7%
r 0.82 0.82 0.83 0.83 3.2% 2.7%

of the parameter r that controls the split between frequency and spatial domain correlation is shifted towards larger r
around 0.8 for both models. From this we conclude that the model error behaves similarly for two response locations
at a given frequency. However, for two distinct frequencies with Af > I, 7, the correlation of the model error at two
response locations is around 1 — r =~ 0.2, and thus low.

Fig. 5 shows that the joint posterior distribution of the solid model Young’s moduli E, and E, exhibits significant
correlation (p = —0.74). As the overall bending stiffness can be given by the weighted sum of the Young’s moduli,
a negative correlation as indicated in the second row and first column of the matrix in Fig. 5 is expected. With
increasing E, a decreasing E, is necessary to obtain a similar overall bending stiffness and vice versa. Due to the
homogenization of the material parameters for the shell model, this correlation is not observed in Fig. 4.

No significant correlation or dependence can be identified between the mechanical parameters and the hyper-
parameters of the error model. However, within the posterior hyperparameter samples, we make the following ob-
servations. The model error standard deviations for the log-absolute value and phase are positively correlated with
correlation coefficient 0.66. This can be expected, as for larger errors in the absolute value it is plausible that also
larger deviations in the phase occur and vice versa. Furthermore the frequency domain correlation length Ic, s is
positively correlated (p ~ 0.8) with both standard deviations of log-absolute value and phase. This indicates that
whenever the deviation between model and measurement is large, these errors are similar over a larger range of fre-
quencies. Additionally, a strong dependence can be observed between the factor » and o, 0 as well as [, . Large
values of r correlate with large value of [, s and vice versa. This indicates that for large errors the dependence among
samples in the frequency domain is even larger than compared to smaller errors. The correlation structure among the
hyperparameters is similar for the shell model.

The frequency response function evaluated at the mean of the posterior distribution is depicted in Fig. 6a. The
mode shapes and eigenfrequencies of the solid model, based on the posterior mean values, are depicted in Fig. C.10 in
Appendix C for completeness. We note that, based on the location of the amplitude peaks, the eigenfrequencies of the
response are recovered quite well, whereas the amplitudes are not well predicted around the eigenfrequencies. As the
attenuation in the vicinity of an eigenfrequency can be linked to the damping, we note a contradictory behavior. We
would have to increase the damping ratio to explain the amplitude for some eigenfrequencies, whereas the damping
ratio would have to be decreased to obtain the measured amplitude at the other eigenfrequencies. This cannot be
achieved by a single damping ratio. Thus, we conclude that the applied damping model is too limited to capture the
damping characteristics of the investigated CLT plate. Similar findings regarding the damping behavior of CLT plates
were reported in [54]. Additionally to the measurement and model outcome based on the parameter means, Fig. 6
depicts the 95 % credible-intervals that are found from the posterior samples. We observe that the measurement is
enclosed in the credible interval for almost all frequencies, except around the eigenfrequencies at around 90 and 105
Hz. Here, the deviation between measurement and model is very strong, which can again be linked to the damping
model.

Estimates of the logarithm of the model evidence, as defined in Eq. (12), are 574.3 and 569.8 for the shell and
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Figure 4: Posterior distribution for the shell model, described in terms of histograms of the posterior samples on the main diagonal (l), bivariate
scatter plots below the main diagonal (e), and bivariate density contour plots above the main diagonal (©). The correlation coefficients are given in
the top right corner of the density contour plots. Additionally, on the main diagonals, the marginal prior distributions (—-) are given.

solid model, respectively, thus indicating a higher plausibility of the shell model. This is related to the identifiability
of the models. As described above, for the solid model the correlation between the two Young’s moduli is significant,
such that the model is not as uniquely identifiable as compared to the shell model.

In what follows, we give resulting joint credible regions for the real and imaginary part of the real state of the
structure with the shell model, based on the error model given in Eq. (13). Let A, be the frequency response of the
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system at the /-th observation point. The credible regions are defined as the highest posterior density regions:

f Sa(lYo)dhy =1 - a. (€29}

A f, (1Y 0)> foy
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Here, Yo denotes the frequency transformed measurement data. Therefore, based on the posterior samples, we
approximate the iso-contour fj, (EIIMO) > fo, that bounds (1 — ;) - 100% of the posterior probability mass.

In Fig. 7 the resulting credible regions are depicted for spatial location i = 18 and frequencies f € {145, 153} Hz
based on the shell model results. For f = 145 Hz (comp. Fig. 7a), the observation lies well within the credible area.
Furthermore, the observation is close to the mode of the posterior predictive distribution. For f = 153 Hz (comp.
Fig. 7b), the system is almost in resonance. This is indicated in the depicted posterior predictive distribution of the
observed state as the average phase of the FRF is approximately 5. The observed measurement lies well within the
95% credible region, however the amplitude is underestimated.

Out of all 680 observation points, in 611 cases the observation lies within the 95% credible region, i.e. in ap-
proximately 10% of the cases the observations lie outside of the 95% credible region. For the solid model, around
9 % of the observations lie outside of the 95% credible region. As discussed above, these points can be linked to the
observations around the eigenfrequencies of the system. Furthermore, one can observe by comparison with Fig. 1c
that the shape of the posterior predictive distribution of the real state of the structure is mainly governed by the model
error (joint lognormal-normal model for absolute value and phase). One can interpret the resulting posterior predic-
tive distribution approximately as a scaling and rotation of the joint model error PDF by the model prediction in the
complex plane, since the overall uncertainty is mainly governed by the model error.
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5.4.1. Results under the Assumption of Uncorrelated Model Errors

To investigate the effect of the correlation among the model errors, we compute posterior samples for the case
without a model error correlation in the likelihood function. For this case, the hyperparameters linked to the correlation
model are not considered. The posterior samples are shown in Figs. 8 for the shell model. Some noticeable differences
are observed. Under this model, the posterior uncertainties, as reflected in the coefficients of variation (not shown
here), reduce for all parameters. Furthermore, the identified damping values are significantly lower compared to
the case with correlation in the model errors. Finally, the posterior standard deviations of the model errors do not
show any correlation. It is worth mentioning that the different correlation assumptions mostly influence the posterior
distribution of the damping parameter, while the estimates for the stiffness related parameters are similar to the case
with error correlation.

The frequency response function evaluated at the mean of the posterior distribution for this case is depicted in
Fig. 6b. We observe that due to the lower posterior uncertainty, the credible intervals are narrower compared to
the result in Fig. 6a. Furthermore, due to the lower posterior mean value of the damping ratio £, the amplitudes
in the FRF peaks are higher in comparison to the results obtained from the correlated case. When neglecting the
correlation betweeen the model error for different observations, the mechanical model attempts to approximate the
measurement more closely. This leads to lower identified damping values, which produce larger peak values in the
FRF throughout the entire frequency range. While almost all peaks in the FRF are more closely captured in the
uncorrelated case, the overestimation of the first peak around 30 Hz, which corresponds to the first torsional model
shape, is larger than in the correlated case. In contrast, when considering the correlated error model, the deviations
around the eigenfrequencies are better explained by the likelihood function and the identified damping value is large
compared to to the uncorrelated case. Similar conclusions can be drawn for the solid model, but are omitted here for
brevity.

6. Conclusion

This work presents a novel Bayesian updating procedure that utilizes frequency response function information,
obtained from frequency transformed measurement data, directly. Bayesian updating is performed to infer the pa-
rameters of the mechanical model as well as the hyperparameters of the multiplicative error model. The likelihood
formulation is derived in terms of the deviation between model outcome and measurement results in terms of the fre-
quency response of the system. We propose a multivariate complex normal distribution for the logarithm of the model
error, leading to a joint normal distribution for the logarithm of the absolute value and the phase of the model error.
Furthermore an additive joint correlation model is chosen for the spatial and frequency domain, where we adopt expo-
nential correlation functions and introduce a split-factor that models the share of the correlation in the two domains.
Due to this correlation structure, the method is able to handle densely and uniformly sampled frequency domain data
without further need to preselect or reduce the data. We use BUS with subset simulation to compute samples of the
posterior distribution. To enhance the computational efficiency, we employ a recently introduced surrogate model that
approximates the frequency response of the dynamic system through a rational of two polynomial chaos expansions
with complex coefficients. These coefficients are determined with a non-intrusive regression-based approach.

The method is successfully applied to learn the parameters of the mechanical model of a cross-laminated timber
plate with frequency transformed measurements. We investigate two different mechanical models, one shell and one
solid model. For both models a subset of the full orthotropic material parameter set is identified, where for the shell
model the material parameters describe an equivalent homogeneous material. The damping behavior of the structure is
modeled by global linear hysteretic damping. The results show that the uncertainty on the mechanical parameters can
be significantly reduced. It is shown that for the given models we obtain a large model error standard deviation, which
can be linked to the chosen linear hysteretic damping model. For the given structure the damping characteristics are
not modeled well by this damping model. The resulting amplitudes in the frequency response function can thus not
be well explained through a single damping coefficient. We further show that the assumption of correlated samples
has a noticeable effect on the resulting posterior distributions. Whereas the estimates of the stiffness related terms
are similar, the estimates of the damping term as well as the model error standard deviations are influenced by the
correlation model choice.

Further research could aim at investigating the performance of the method for measurements that use different
excitation techniques and accelerometers, e.g. [19, 4]. A side benefit could be a better understanding of the non-
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linearities in the systems under investigation. Additionally, the results could be compared to a modal analysis based
approach. The authors are furthermore working on the influence of different correlation function assumptions and
more detailed mechanical models of the structure. Finally, an extension of the considered frequency range is of
interest.
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Appendix A. Joint PDF of real and imaginary part of the model error

In order to derive the joint PDF of the real and imaginary part of the model error &, for the sake of clarity, we
repeat the definitions of the relevant quantities. In the following we denote by w = log |&| the logarithm of the absolute
value of the model error, by @ = arg & the phase of the model error, by u = Re{g} the real part of the model error
and by v = Im{e&} the imaginary part of the model error. From these quantities we derive the real composite vectors
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z=[u;v]and ¢ =
by

[w; 8] The joint distribution of the real and imaginary part of the model error can then be computed

fz(2) = fg

T @) |det (Je.)| -

(A.1)

Here, f¢ (£) denotes the joint PDF of w and 6. Recall that we assume this distribution to be a zero-mean Gaussian

distribution, i.e.:

1 1 1 1
fe§) = ——— eXp{——WTR" } N exp{——OTR,;g' 0} . (A.2)
2m)*F VdetRyy 20 "™ 2m? VdetRyg 2
The transformation T : R¥"0 — RZ% is defined as
_ exp{w} cos(6)
z= ( ) T = (exp{w} sin(9) ) - (A3)
from which we find the inverse transformation T~! : R?%0 — R%"0:
w -1 log Vu°Z + y°2
= =T = . A4
3 (0) @) ( atan2 (v,u) (A4)

where atan2 is an extension of the inverse tangent function that yields the angle of a complex number in the complex
plane in the range |-n, 7]. J¢, denotes the Jacobian matrix of the transformation, defined as:

O&i

aZj 2nox2nop
In order to evaluate the determinant of the Jacobian matrix, we use the identity det(Jg,z) = t(J ) and find:
[e"! cos(0;) 0 0 —e"! sin(6,) 0 0
0 e"2 cos(6,) 0 0 —e"2 sin(6,) 0
_ 0 0 e""0 cos(6y,) 0 0 —e""o sin(6,,)
det(lae) = det| o, o) 0 0 e cos(6)) 0 0
0 e"2 sin(6,) 0 0 e" cos(6,) 0
0 0 "o sin(6,,,) 0 0 e""0 c08(6,,) |
(A.6)
We rearrange the columns and rows of the Jacobian matrix and obtain:
[e"1 cos(8;) —e"'sin(6)) 0 0 0 0
e sin(fd;) e"' cos(6;) 0 0 0 0
0 0 e"2 cos(f,) —e"2sin(Hs) 0 0
det(Jz,g) = det 0 0 e" sin(¢r)  e" cos(6s) 0 0 (A7)
0 0 0 0 e""o cos(6,,) —e""o sin(f,,)
0 0 0 0 e""o sin(f,,) €""o cos(6y,) |

Swapping a column or row leads to a multiplication of the determinant by —1. The above rearrangement will result
in an even number of swapping operations, thus the sign of the determinant will stay unchanged and the equality
still holds. Since the matrix in the above equation is block-diagonal, we find its determinant as the product of the
determinant of the np 2 X 2 submatrices:

no no

l_[ () Cos2(9) + sin?(; )) l_[ el = 1_[ (”,2 + vl2) _

i=1 i=1 i=1

det(J,¢) (A.8)
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Inserting Egs. (A.2), (A.4) and the inverse of (A.8) into Eq. (A.1), we finally obtain the joint PDF of the real and
imaginary parts of the model error:

1 1 T
7) = exp{ —= log (u°? + v°2)" R log (u®? + v°? }x
f2(@) (2m)" det (diag (u°? + v°2)) v/det Ry det Rgg p{ 2 g( ) e g( )

X exp{—% (atan2 (v,u))” Ry, (atan2 (v, u))} . (A9

It should be noted that this PDF is not defined for any «; or v; equal to zero.

Appendix B. Error measures

In order to evaluate the accuracy of the surrogate models, we consider the cross validation error, as defined in [41].
Therefore, the experimental design X is partitioned into ny subsets {X1, ..., X, } of equal size, called the test sets. 7y
surrogate models M\i are built, each based on the reduced experimental designs {X|,..., X, J\{Xi}, i =1,...,n,
called the training sets. For each i, the squared error at the points in {X} is evaluated. The jth element in subset
{X;} is denoted by xf . The cross validation error is then defined by the sum of the squared predicted residuals and is

calculated as
ney card(X;)

ermor = 3 3 (M(x) - M (€)' B.1)

=1 j=1

where card (-) denotes the cardinality of a set. A relative version of the above error can be defined using the empirical
variance.

elTey

= (B.2)
Var [M (x)]
We use N = 4, i.e. the 4-fold cross validation error.
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Figure B.9: Relative 4-fold cross-validation error for surrogate models.
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s Appendix C. Mode shapes of the shell model

(a) Mode 1, fi = 30.8 Hz (b) Mode 2, f> = 64.7Hz

(c) Mode 3, f3 = 87.0Hz (d) Mode 4, f = 87.7Hz

(e) Mode 5, fs = 105.0Hz (f) Mode 6, fs = 155.0Hz

Figure C.10: Mode shapes for the shell model and corresponding eigenfrequencies, based on posterior mean values.
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