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Abstract

In probabilistic assessments, inputs with significant spatial variability should be modeled with random
fields. Random fields can be non-homogeneous with location-specific marginal distributions, for example,
due to site-specific information incorporated through Bayesian analysis or due to spatial trends in the
mean or variance of the uncertain quantity. This paper investigates the spatial averaging method for the
discretization of non-homogeneous random fields. In this approach, the random field is reduced to a set of
random variables representing its local averages over a corresponding set of elemental domains. This is of
particular benefit when coupling the random field model with finite elements for structural analysis. We
extend the application of the method to non-homogeneous Gaussian and non-Gaussian translation random
fields with lognormal, Student’s t- and log-Student’s t-marginal distribution. The latter two distributions
are particularly relevant if spatial data is used in a hierarchical Bayesian random field modeling. Two
numerical investigations assess the ability of the method to efficiently represent the response variability and
probability of failure of structural systems with spatially variable inputs. The investigations include the
effect of different element sizes for the spatial averaging on the system response and applicability of the
spatial averaging method to assessing local and global failure modes.

Keywords: Spatial averaging, Non-homogeneous random fields, Reliability analysis, Spatial variability,

Hydraulic structures, Finite elements

1. Introduction

Many engineering applications require the consideration of physical quantities that vary randomly in
space. Common examples include material properties in large structures [1], soil properties in geotechnical

sites [2] and the apparent properties of composite materials [3]. Spatially variable properties can be modeled
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by random fields (RF) [4]. By definition an RF consists of an infinite number of random variables. Hence,
numerical treatment of RF's requires their approximation in terms of a finite number of random variables, a
task known as RF discretization. An overview of existing discretization methods can be found in [5] (with
focus on the dimensionality reduction aspect) and, more recently, in [6] (with focus on the simulation cost).

The spatial averaging (SA) method expresses the RF through a set of random variables representing local
averages of the field over a set of elements. The method was originally proposed by Vanmarcke and Grigoriu
[7] and is extensively described in [4]. SA has been applied to homogeneous RFs in various applications
and is commonly employed in the context of geotechnical analyses to approximate spatially variable soil
properties [8, 9, 10, 11, 12]. Such problems have the advantage that geotechnical failure modes are typically
dominated by average behavior and not by local extrema of the soil properties. Thus, an RF can often be
sufficiently approximated by a small set of random variables or even a single random variable representing
the averaging behavior of the RF over a spatial domain (e.g., a failure surface). SA has also been applied
to problems in structural analysis to explicitly account for the spatial variability of loads and material
properties [7, 13, 14, 15, 16].

The theory of SA supports the application of the method to non-homogeneous RFs,; although it has been
reported that it leads to increased numerical effort [17]. SA for non-homogeneous RFs has recently been
applied in the context of reliability analysis in [18] and [19]. Non-homogeneous RFs occur, for example,
when the spatial moment functions (mean and variance) follow a trend [e.g., 20, 21], or when a homogeneous
RF is updated with measurement data through a Bayesian analysis [e.g., 22, 23, 1, 24, 25]. While in the first
case it may be possible to express the RF as function of a homogeneous RF by means of a transformation or
standardization [4], this does not hold for the latter case. This paper focuses on the second case, i.e., when
the non-homogeneous behavior of the RF results from a Bayesian updating of the RF parameters. Such
non-homogeneous RF's are characterized by local changes in the spatial mean function, local reductions of
the spatial standard deviation function and a complex location-specific autocorrelation structure.

One of the advantages of SA over other RF discretization methods applicable to non-homogeneous RFs
is the compact form of the resulting set of averaging random variables. If the RF is Gaussian, the averaging
random variables are Gaussian random variables fully defined by a mean vector and a covariance matrix
evaluated through spatial integration of the RF moment functions. Hence, it does not require the spectral
decomposition of the covariance operator as is the case, e.g., for the Karhunen-Logve expansion [26, 27].
Moreover, each of the random variables directly represents the RF in a specific domain. That is, coupling

of the method with a finite element model is straightforward, which makes it ideally suited for use in
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engineering applications (7, 13, 14]. In addition, the method can account for the fact that the response of
structural systems is often determined by regions of high or low values and not by local extrema of random
quantities. Last but not least, the illustrative character of the SA random variables can significantly enhance
understanding and acceptance of spatial variability and thus increase the motivation in the engineering
community for explicit modeling of RFs in engineering assessments. A closely related method, termed local
average subdivision tackles the problem by using a hierarchical approach from global to local averaging
integrals of RFs to account for spatial variability and the effect of averaging behaviour of properties [28]. It
was originally developed for homogeneous RFs but can be extended to the general non-homogeneous case.

This paper presents the SA method for non-homogeneous Gaussian RFs following the theory in [4]. In
the homogeneous case, the mean is not affected by the averaging operation and, thus, the mean of the
spatially averaging random variables equals the mean of the random field. The covariance of the spatially
averaging random variables is obtained by integration over the spatial autocorrelation function multiplied
by the constant point-variance of the random field [4]. This is not possible for non-homogeneous random
fields, where the parameters of the averaging random variables need to be calculated from the spatial mean
function and the spatial covariance function. We provide the required expressions for the non-homogeneous
case of one- and two-dimensional Gaussian random fields. Furthermore, we extend SA to a special class of
non-Gaussian RFs, so-called translation RFs [29], and present application for RF models with lognormal,
Student’s t- and log-Student’s t-marginal distribution. Student’s ¢- and log-Student’s t-RFs appear as
predictive RFs when learning is performed with spatial data [30]. RFs with lognormal or log-Student’s
t-marginal distribution are advantageous for modeling non-negative quantities, such as strength parameter
of materials, as the support of these distributions is limited to the positive axis.

The focus of the paper is the applicability of the SA method to forward uncertainty propagation and
reliability analysis. We investigate the SA method by means of an application to a one-dimensional elastic
beam structure with spatially variable beam flexibility. Thereby, we assess the effects of different mesh
choices for the RF discretization with SA on the system response and the structural reliability. In a second
numerical investigation, the SA method is applied for the reliability analysis of a ship lock chamber wall with
spatial data on the concrete friction coefficient. The effect of varying dimension in the SA approximation on
the accuracy in representing different failure mechanisms is investigated. On this basis, we conclude with
recommendations on the implementation of the SA method for structural reliability analysis.

The remainder of this paper is structured as follows. In Section 2, the spatial averaging method is intro-

duced and explained in detail for the case of one- and two-dimensional Gaussian random fields. An extension
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to a special class of non-Gaussian random fields can be found in Section 2.3. The presented methodology is

illustrated with two numerical examples in Section 3 followed by short conclusions in Section 4.

2. Random field discretization with the spatial averaging method

An RF X(z) is defined as a collection of random variables indexed by a continuous spatial coordinate
z € Z, where Z C R? is the spatial domain of definition of the RF, i.e., d = 1, 2 or 3. An RF is said to
be Gaussian if the n-th order joint distribution of the random variables corresponding to any collection of
points z = [z1, ..., z,] € Z is a multivariate Gaussian distribution. Gaussian RFs are completely defined by
their spatial mean value px(z), their spatial standard deviation ox(z) and their autocorrelation function
p(zi, z;), defining the correlation at two locations z; and z; [31]. Any linear mapping of a Gaussian RF is
also Gaussian since the Gaussian distribution remains closed under linear transformations [32].

An RF is called homogeneous if its n-th order joint PDF is invariant for a shift in z, which implies that the
marginal PDF fx(z) of the RF and its moments are space-invariant [33]. For Gaussian RFs, homogeneity
is implied by homogeneity of the first two moment-functions, i.e., it suffices to know that px(z) and ox(2)
are constant in space, i.e., ux(z) = px V z € Z and ox(2) = ox V z € Z and that the autocorrelation
function p(z;, z;) can be expressed as p(d; ;), where d; ; = z; — z; is the difference in location of z; and z;.

The spatial averaging method approximates the RF X (z) by a set of random variables X, i=1,...,nga,
where each random variable represents the local average of X (z) over the domain Z; defined by the following
integral [4]:

. I; 1
Y=g =g ), ¥© (1)
where Q; is the volume of the spatial domain Z;. I; is the local integral of X(z) over the domain Z;.

All derivations in this study restrict to one- and two-dimensional RFs but the theoretical approach can be

extended to three-dimensional RFs and the general d-dimensional case [4].

Figure 1: Random realization of a one-dimensional RF z(z) (blue line) and its approximation with four averaging elements of
equal length (red lines, Z;, : =1,...,4).
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Figure 1 shows a random realization of a one-dimensional RF z(z) in blue and its corresponding real-
ization with an SA discretization of four averaging elements of equal length in red (Z;, i =1,...,4). Each
Z;, 1 =1,...,4 represents the average of the RF realization z(z) over the corresponding interval Z;. Fig-
ure 2 shows a realization of a two-dimensional RF (panel a) and its corresponding realization with an SA
discretization of 16 square averaging elements of equal size. Both figures show that local fluctuations of the
RF average out and thus disappear in the SA realization while on a larger scale the spatial variability of the
RF is identified and represented. An increasing number of averaging elements results in a more accurate
representation of the RF and thus in better representation of local fluctuations.

If X(z) is a Gaussian RF, the random variables X;, i=1,...,94, for the discretization with SA are also
Gaussian because of the linearity of the integral operation in Equation (1). It is possible to use SA for non-
Gaussian RF's if the RF can be expressed as function of an underlying Gaussian RF by an isoprobabilistic
marginal transformation [29]. Examples of such translation random fields where the transformation is

available in closed form are presented in Section 2.3.

Figure 2: Random realization of a two-dimensional RF X (z) (panel a) and its SA approximation with 16 square averaging
elements of equal size (panel b).

The mean of the random variable X; can be found by integration of the spatial function for the mean

px (z) over the averaging domain Z; [4]:

=g | x(€) ¢ @

By integration over the spatial autocovariance function Cx (21, z3) the variance of X; can be found [4, 18]:

Var (X,) = %/Z /Z Cx(€1,62) d¢1dCs. (3)

The integration in Equation (2) is d-dimensional, where d is the spatial dimension of X(z). Accordingly,

the total dimension of the integration in Equation (3) is 2d. The covariance of two random variables X, and
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X j cannot be obtained directly from the autocovariance function. Its derivation is presented for the one-
and two-dimensional case in the respective subsections.

If X(z) is a homogeneous RF, the mean and variance are constant over Z. In this case, the mean
is not affected by the averaging integration, i.e., Bx, = px, © =1,...,ng4 and the variance is given as
linear function of the RF variance: Var (Xl) = Var(X), i =1,...,nga, where ~; is the variance function
representing the average of the autocorrelation function of the field [13, 4]. ~; expresses the reduction in
the variance caused by the averaging operation and, hence, decreases with increasing size of the averaging
element. It holds that v; = 1 if ©; = 0 and 7, — 0 for ; — oo [34, 4]. In the homogeneous case, SA
underestimates the true variance of the RF in each SA element for ; > 0 [14, 35]. This property cannot be
directly transferred to the non-homogeneous case on the element level due to a potentially strong fluctuation
of the spatial variance function, but remains true in a global view of the RF variability.

For homogeneous RFs, the SA method is extensively described in [4]. This paper focuses on non-
homogeneous RFs that have a complex autocorrelation structure and, hence, cannot be transformed into

homogeneous RFs.

2.1. Spatial averaging for one-dimensional Gaussian random fields

For the discretization of a one-dimensional RF X (z) with ng4 spatially averaging domains, Equations (2)

and (3) can be rewritten for element i, i = 1,...,ng4 as follows [4, 18]:

1 [
pso= 1 [ nx() ds (4)
L /.,

Var (X}) = i/ ! / ! Cx(z,2') dzd?’, (5)
L? Zig Zig

where z;, and z;, denote beginning and end of the averaging domain Z; and L; is the length of this

domain, i.e., L; = z;;, — 2.

Figure 3: Lengths Lg, k = 0,...3 of the auxiliary intervals for the calculation of the covariance of the random variables X;
and X; representing the average behavior of the RF X (z) in the local intervals Z; and Z;.
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The calculation of the covariance of two averaging random variables X; and X j requires four auxiliary
lengths Ly, k = 0,...3, which are illustrated in Figure 3 together with the averaging domains Z; and Z;.
The following algebraic identity can be defined using the local integrals Iy, = || 1, X (¢)d¢, (cf. Equation (1))
over the illustrated domains [4]:

2L =I5 — I} + 13 — I3. (6)

Applying the expectation operator on both sides of Equation (6) gives
2B(LL) =B [I5] - B[] + B[] -E[5]. (7)
Taking the expectation of the individual terms in Equation (6) results in [4]
2E [ E[I;] = E? [Io] — E* [I1] + E? [I5] — E*[I3]. (8)
Subtracting Equation (8) from Equation (7) gives the following expression for the covariance of I; and I;:
1
O ) =5 (Var (Io) — Var (I) + Var (I5) — Var (I3) ) 9)

The covariance of X; and X j can be calculated making use of their proportionality to I; and I; defined in

Equation (1):

oo\ C, 1)
C (X“XJ) - (10)
Using Equation (9), one gets [4, 18]:
c (X X) - i(-g%(zk) (11)
U LLy ’
where A (Zy,) is given by
A (Zy) = L2Var (Xk) . (12)

When Z; = Z;, Equation (11) simplifies to Ly = Ly = L; and L1 = Lg = 0 (cf. Figure 3). Accordingly,
A (Zy) = A(Zy) = LiVar ()A(l) and A (Z1) = A(Z3) = 0 and hence Equation (11) reduces to Equation (5).
The random variables X;, i = 1,...ng4 are Gaussian random variables and thus the discretization of X (2)
is fully defined by the mean vector p¢ containing the individual mean values Pyt =1,...n and the

covariance matrix Cg, where C¢ (4,7),i = 1,...n54, j = 1,...ng4 is given by the covariance of X; and

7
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2.2. Spatial averaging for two-dimensional Gaussian random fields

Let X(z) be a two-dimensional Gaussian RF, where z € Z describes a position in the two-dimensional
domain Z. SA proceeds by dividing Z into nga rectangular elements with edges parallel to the coordinate
us  axes z1 and z9. Expressions for the mean and variance of the random variables Xi, i =1,...ng4 representing

the average of X (z) in the i-th element can be found from Equations (2) and (3) [4]:

1 22,49 21,19
Ky, = 1 / x (21, 22) dz1dzs, (13)
v J 22,4 Z1,iq
R Z2,i, 22,y [Zli, [Zl.i;
! / / /
Var X A2 / / / / x (21, 22; 21, 25) dz1dz]dzedzs, (14)
22,5 Y 22,iq Y2149 721,

where A; = Z; ;75 ; denotes the area of the averaging domain. Z; ; and Zy; are the lengths of the edges in

21, %o respectively, i.e., Z1 ; = 214, — 21,5, and Za; = 224, — 22,4, -

Figure 4: Edges Ly and Lo of the auxiliary domains Zy;, k = 0,...3, I = 0,...3 for calculating the covariance of the
random variables Xl and Xj representing the average behavior of the RF X (z) in the rectangular domains Z; and Zj.

Equations (6) to (11) can be extended to the two-dimensional case (cf. Figure 4) to obtain the following

1o expression for the covariance of two averaging random variables X; and X [4]:

3 3
C(Xi,f(j) = 4A1A4 ZZ A(Z1 g, Z2y) s (15)

J k=01=0

where A; and A; denote the areas of Z; and Z;, which are the averaging domains for X; and X'j. A(Zy k, Zay)
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is defined as

A (Zl,k> Zg,l) = A%lVar (Xkl) . (16)

Ay = L1 kLo, is the area of the rectangular auxiliary domain Zy;, kK =0,...,3, | = 0,...,3. Figure 4
shows the averaging domains Z; and Z; and the edges of the auxiliary domains. The random variables
Xi, i = 1,...ng4 are Gaussian random variables. Hence, similar to the one-dimensional case, the mean
vector p ¢ and covariance matrix Cy of the random variables Xi, i=1,...ng4, are sufficient to discretize
X(2).

Equations (13) to (15) are only applicable for rectangular averaging elements. If the domain Z cannot be
divided into rectangular averaging domains, it needs to be approximated by such a domain [4]. An example
is shown in Figure 5, where Z is approximated by the enveloping domain Z. A prescribed degree of accuracy
for the approximation can be achieved by adjusting the size of the rectangular elements and, if necessary,

introducing a rotation of the coordinate system. The studies in this paper are restricted to the case where

Z can be divided into rectangular averaging elements.

Figure 5: Approximation of a non-rectangular two-dimensional domain Z by an enveloping domain Z consisting of rectangular
elements of variable size.

2.83. Spatial averaging for non-Gaussian translation random fields

Although, in theory, the SA method is applicable to non-Gaussian RF's, in practice, the derived equations
for the parameters of the averaging random variables are only sufficient in the Gaussian case. For most other
cases it is difficult or even impossible to find all required expressions for obtaining a complete probabilistic
description of the resulting RVs X; [14]. However, it is possible to extend the applicability of the method

to the class of so-called translation RFs, given by the following marginal transformation [36, 32]:

X(z) =T (U(z)). (17)
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U(z) is a zero-mean and unit-variance Gaussian RF with autocorrelation coefficient function py (2, z’). The
mapping of Equation (17) is designed to preserve a given marginal cumulative distribution function (CDF)
Fx(x) of the RF X(z). Given that Fx(z) is strictly increasing, T(-) can be defined as T(:) = Fyx' (®(-)),
where F5'(-) denotes the inverse CDF of X(z) and ®(-) is the standard normal CDF [37]. U(z) can
be obtained from X(z) by inversion of Equation (17), i.e., U(z) = T (X(z)). Note that, in order to
approximate the RF with a set of Gaussian random variables, the spatial correlation needs to be modeled
for the underlying Gaussian RF. Three special cases of translation RFs, for which T'(+) is given by an analytic
expression, are presented in the following. The equations are given for a single averaging element over the
entire domain of definition but can be generalized by dividing Z into subdomains and applying the Equations

for mean and covariance derived for the Gaussian case.

2.3.1. Lognormal random field
In contrast to a Gaussian RF, a lognormal RF can be used to model non-negative quantities, which makes
it preferable, e.g., for modeling mechanical properties. Consider an RF Y (z) on the domain Z defined by

the following function of a zero-mean and unit-variance Gaussian RF U(z):

Y(2) = exp(U(2) - 0x(2) + x (2)) = exp(X (2) ). (18)

X(z) is a Gaussian RF with mean function px(z) and standard deviation function ox(z). Fy at any z € Z

is a lognormal distribution, with parameters pny (2) = px(2) and oy (2) = ox(2):

Y(z) ~ logN (puny (2), o1y (2)) - (19)

Spatial averaging is then performed for X (z) resulting in a Gaussian random variable X with parameters
py and o¢ = 4/ Var (X Z) given by Equations (2) and (3). Applying the transformation of Equation (18)
gives

V2 = exp <QIZ /Z X(g)dg) — exp (XZ) : (20)

where Y7 is a lognormal distributed random variable with parameters y, ¢ = p¢ and o,y = 0. Due to
the non-linear transformation, Yz does not represent the arithmetic average but the geometric average of
Y (z) over z. It is noted that the geometric average is always smaller than or equal to the arithmetic average.
Hence, using the geometric average for the SA discretization of a lognormal RF provides a lower bound on
the spatial average of the RF. While this is reasonable and conservative for some modeling cases (e.g., for

10
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low-strength dominated soil properties [e.g., 9, 10]), it may provide a non-appropriate approximation of the

true RF when the RF represents a load/demand on the structure [e.g., 11].

2.8.2. Student’s t-random field
The Student’s t-distribution can be used to model a Gaussian quantity accounting for the uncertainty
in the parameters of the Gaussian distribution [e.g., 38]. Consider a Student’s ¢-RF Y (z), in which Fy at

any z € Z is a Student’s ¢-distribution, with location parameter uy (z), scale parameter oy (2z) and degrees

of freedom vy [38, 39, 30]:

Y(2) ~ T (uy (=), 0y (2), 1) (21)

Note that vy is space-invariant. The transformation of Equation (17) is given as [39]:

V) = \[Z (0 ov(2) + () = \[ZX () + v (2), (22)

where X (z) is a zero-mean Gaussian RF with standard deviation ox(z) = oy (2) and yx is a random variable
that follows the x? distribution with vy degrees of freedom. As only X (z) and the function for the mean
value py (z) are subject to spatial variability, the spatial average Yz over the domain Z can be expressed

by the following averaging integral:
V2= [ @i =g [ X0+ nricac =
270z ), 2z )z V x MY B

\/Z

X 1
o | X©@ick o [ uvicrac -

= %Xz + iy (23)

where Xz is a zero-mean Gaussian random variable with variance calculated according to Equation (3) and

fty- is the mean of the spatial average of Y'(z) over Z as defined in Equation (2).

2.8.3. Log-Student’s t-random field
The log-Student’s t-distribution combines the lognormal and the Student’s t-distribution and thus, can be

used to model non-negative quantities accounting for parameter uncertainty [30]. Consider a log-Student’s

11
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t-RF V(z), i.e., Fy at any z € Z is a log-Student’s ¢-distribution [30, 40]:

V(z) ~InT (v (2),omv (2),vv) . (24)

The parametrization of Fy is done by means of the parameters of the underlying Student’s ¢-distribution.
At any z € Z it holds that Y (2z) = In(V(z)) follows a Student’s ¢-distribution with location parameter
wy (2) = pmv (2), scale parameter oy (2) = o1,y (2) and degrees of freedom vy = vy [30]. By combining

Equation (18) and (22), the transformation of Equation (17) is given as follows:

V(z) = exp (\/f (U(2) - omv(2)) + an(z)) — exp (\/f)qz) ¥ mnv<z>) . (25)

X(z) is a zero-mean Gaussian RF with standard deviation ox(z) = o1,v(2) and x is a random variable
that follows the y? distribution with vy, degrees of freedom. The spatial average Vz over the domain Z can

be calculated as follows:

\/Z

Vg = exp <le /ZY(C)dC> = exp QZX

= exp <1 /%XZ + Man) . (26)

Xz is a zero-mean Gaussian random variable with variance calculated according to Equation (3) and p, ¢

1
/Z X(©¢+ o /Z iy ()¢ | =

is the mean of the spatial average of In(V(z)) = Y (z) over Z. Similar to the lognormal RF in Section 2.3.1,

Vz represents the geometric average of V(z) over Z instead of the arithmetic average.

3. Numerical investigations

In this Section, the accuracy of the SA method for approximating non-homogeneous RFs is investigated
by means of two numerical investigations. The non-homogeneity of the RFs in both cases stems from the
combination of a homogeneous prior RF with measurement data. The first investigation is a one-dimensional
beam under uniform load with spatially variable beam flexibility analyzed in a statically determinate setting
with analytical solution and a statically indeterminate setting where the system response is evaluated using a
finite element model. Different SA settings regarding element size and number are investigated for different
output quantities of the structural system. The second investigation is a sliding failure mechanism in a

ship lock chamber wall where the friction coefficient in a construction joint is modeled as a two-dimensional

12



RF. Two different failure mechanisms are considered and the effect of the chosen SA discretization on the

reliability estimates is analyzed.

3.1. Measures for the accuracy of the random field discretization

Discretizing an RF X(z) with a finite number of random variables X, i= 1,...n, yields an approxi-

235 mation error. If the Xi, i =1,...n, are used for uncertainty propagation through a numerical model, this
error typically propagates through the model and is reflected in the model response. However, depending

on the type of the quantity of interest, the error in the model response may be larger or smaller than the
error in the RF approximation [24]. The point-wise approximation error is defined as the difference of the
quantity of interest Q and its approximation Q at spatial location z, i.e., (2)=Q(2) — Q (z). Based on

20 € (2z), numerous local and global error measures can be defined to assess the accuracy of a RF discretization.
e.g., the bias, error variance or mean-square error [e.g., 32, 5, 41]. The latter two, include the covariance

of Q(z) and Q (z), which can require the numerical solution of a complex integral equation. In addition,
their interpretation is not always straightforward and hence they are not further discussed here. Instead,

we use the normalized bias e, (2) and the normalized variance error ev(z) as point-wise error measures in

s this study. They are defined as [24]

Var (Q(z)) — Var (
Var (Q(z))

QO
O
~—

Ev(z =

Taking the weighted integral of Equations (27) and (28) over the domain Z yields the corresponding global

error measures [41]:
_ 1
fu=g ) lental az, (29)

= é/z\ev(zﬂ dz. (30)

In addition, the influence of the RF discretization on the system response is assessed in terms of the
system reliability, or equivalently its probability of failure. The failure event F' is expressed in terms of a
0 limit state function g(X (z)), such that failure occurs if g(X (z)) < 0. That is, the probability of failure is
Pr = Pr (g(X(z)) < 0). We will be comparing Pr with Pp = Pr (g(X'(z)) < 0). Typically, g(X(z)) is

13



255

260

265

270

275

a function of an output quantity of interest Q(z) and F occurs with a small probability. Hence, through
assessing the influence of the RF discretization on the probability of failure, we evaluate the ability of the

discretization to accurately represent the tails of the distribution of Q(z).

3.2. Analysis of a one-dimensional beam

A one-dimensional beam subject to uniformly distributed vertical load is investigated, whose flexibility
F(z) is modeled by a Gaussian RF that is updated with measurement data. The beam has length L = 2m
and the applied load is ¢ = 1.4kNm~t. F (2) is the piece-wise constant SA approximation of F(z) by using
nga averaging elements. Euler-Bernoulli beam theory is used to evaluate the response of the structural
system. We consider two different settings for the boundary conditions of the beam; a statically determinate

case and a statically indeterminate case.

3.2.1. Random field model of the beam flexibility
The prior model of F'(z) is a homogeneous RF with a mean of y/z = 0.5 MN~'m~2 and a standard devi-
ation of o = 0.1 MN~'m~2. The prior autocorrelation function is modeled by the exponential correlation
function [31]:
R e (31)

where ¥ is the scale of fluctuation, which is set to 1m.

We assume that measurement data M is available in the form of n,, direct measurements of the beam
flexibility @, = [Tm1,...,Tmn,| and the corresponding measurement locations zm, = [Zm1,. -, Zm.n)-
These measurements are associated with an additive zero-mean Gaussian measurement error € with standard
deviation 02 = 0.05u/. In this case, updating of F(z) can be done in closed form by making use of the self-

conjugacy of the Gaussian distribution, resulting in the following posterior mean and covariance functions

[4, 23, 1]:
Hip(2) = plp + Rey (2) R (@ — i) (32)
C (21,2) = (0%)"+ (pl21:2) = R, (21) Ry o R (2)). (33)
R, (z)is a1l x n,, row vector function with element i equal to p'(z, zm.i). Rz, = Rz, 2., + Re, where

R

Zm;,Zm

2
is an ny, X n,, matrix with element (i, j) equal to p'(2m i, 2m ;) and R. = (gf ) - I, where I is the
F

N X Ny, identity matrix.
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Figure 6: Posterior spatial mean value (panel a) and standard deviation (panel b) of the RF for the beam flexibility F”(2)
(blue) and its approximation with four averaging elements £"/(z) (red); posterior spatial autocorrelation of the RF F/(z) (panel
¢) and correlation of the four averaging random variables for the approximation of F”/(z) with SA (panel d).

A single measurement f,,, = 0.75 - pf» = 0.375 MN~'m~2 at measurement location z,, = 0.25L = 0.5m
is considered in the RF update. The resulting posterior RF parameters of the beam flexibility are obtained
by application of Equations (32) and (33). We first set the number of SA elements to nga = 4. Figure 6
illustrates the posterior RF parameters together with the parameters of the corresponding four spatial
averaging random variables calculated by means of Equations (4), (5) and (11). The measurement leads
to a reduction in the mean value at the measurement location and in the region around the measurement
compared to the prior mean (blue line in panel a). In addition, the uncertainty and hence the standard
deviation at the measurement location and in its vicinity is reduced (blue line in panel b). These effects
decrease with increasing distance from the measurement location and thus the posterior parameters converge

to the prior parameters. A similar effect can be observed in the posterior correlation structure (panel c).
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The parameters of the spatial averaging random variables reflect the non-homogeneity, however the local
extrema in the spatial mean and standard deviation average out when applying the averaging operations
for the discretization with SA (red lines in panel a and b). The spatial autocorrelation function of the RF
is approximated by a 4 x 4 correlation matrix (panel d). Again, the SA discretization accounts for the

non-homogeneity of the RF but local effects average out.

3.2.2. Statically determinate cantilever beam

The statically determinate cantilever beam is illustrated in Figure 7. The internal forces are independent
of the flexibility and hence the bending moment M (z) can be directly calculated as M(z) = —2 (L — )2
Using the Euler-Bernoulli beam theory, the rotation ¢(z) and vertical displacement w(z) as illustrated in

Figure 7 are obtained as follows:
o) =1 [ T’ F@at (34
0

B _g z S B 2 5
w(z) = -3 /0 /O (L — )2 F(t) dtds. (35)

Figure 7: Statically determinate cantilever beam under uniform vertical load g.

Since F(z) is modeled with a Gaussian RF and ¢(z) and w(z) are linear functions of F(z), they are also

Gaussian RFs. Based on Equations (34) and (35), spatial functions for the mean and autocovariance of the
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system response RFs can be derived:
q (7 2
nole) = =5 [ (L=t a. (36)
q2 k2 Z;

Colenz) =L [ [ 0=t (Lt Crttinty) dtas, (37)

o Jo
i) = =4 [ [ (@0 ur(e) aeas, (33)

o Jo

2 Zj Z; Sj S;
Cw(Zi, Zj) = qZ /O /0 A /(; (L - ti)Q (L — tj)Q CF(t,L', t]‘) dtzdtdeZdSJ (39)

Replacing pp(t) and Cr(t;,t;) in Equations (36) to (39) with the element-wise constant approximations
obtained by means of Equations (4) and (11) results in ug(2), Cg(zi,25), pa(z) and Cy(zi, 2;), i.e., the
spatial functions for the system response when F'(z) is approximated by F (z) with nga spatial averaging

elements. Due to the linearity of the averaging operations, ¢(z) and w(z) are also Gaussian RFs. The

Figure 8: Posterior spatial standard deviation of the system response (rotation: panel a; displacement: panel b) for the
cantilever beam. The blue lines mark the analytical RF solution and the red lines mark the SA approximation with ngq = 2
(dashed line), 4 (solid line) and 8 (dotted line).

system response RF's and their SA discretization with nga = 2, 4 and 8 are evaluated using Equations (36)
to (39). The spatial mean value is approximated well with any chosen SA discretization. For nga = 2, the
maximum of the point-wise error €,(z) is in the order of 5% (close to the fixed end of the beam) and <1%
for most spatial locations z. €,(z) decreases further for ng4 = 4 and ngq = 8. In general, €,(2) decreases
with increasing distance to the fixed end. Figure 8 shows the spatial standard deviation of the beam rotation
(panel a) and vertical displacement (panel b). The spatial standard deviation of the system response RFs is
underestimated throughout the length of the beam, with decreasing approximation error for increasing ng 4.
The local effect of the measurement appears in the shape of o(;(z) and o{(z) but not in oy,(z) and o7 (2)

due to the smoothing caused by the additional integration when calculating the vertical displacement.

17



315

320

325

330

Table 1: Average normalized bias £, and variance error €y of the beam rotation ¢’ and vertical displacement w” for varying
number of spatial averaging elements ng4 to discretize the posterior beam flexibility RF.

gy Ev
nga (,0// ,LU// s0// w//
2 0.009 0.019 0.301 0.458
4 0.010 0.020 0.144 0.240
8 0.003 0.005 0.044 0.063

The average error measures for the system response according to Equations (29) and (30) are listed in
Table 1 for nga = 2, 4 and 8. The average bias is small for all configurations and the variance error decreases
with increasing nga. In general, the average error is larger for the displacement than it is for the rotation.

To investigate the effect of the SA discretization on the failure probability of the system, a maximum
allowable vertical displacement of w);,, = —1.5 mm is defined. Since the vertical displacement of a cantilever

beam reaches its maximum at the free end, the following limit state function can be formulated:

9(F(2)) = w"(z = 2m) — Wiim, (40)

I

Replacing w”’(z = 2m) by @’ (z = 2m) in Equation (40) yields the SA approximation of the failure event.
Both w”(z = 2m) and @”(z = 2m) are Gaussian random variables with mean value and standard deviation

directly computable by means of Equations (38) and (39). Thus, Pr is given as

Pr=0 (whmo—i(gi(zzr_nf m)) 7 (41)
where ®(-) is the cumulative distribution function of the standard normal distribution. The reference solution
is Pr = 9.9 x 107%. The SA approximation of Pr is obtained by replacing y” (2 = 2m) and o/ (z = 2m) by
the respective SA approximations.

Figure 9 illustrates the approximated mean and standard deviation of the displacement at the free end
and the corresponding failure probability estimate as function of nga and compares them to the respective
analytical solutions. It appears that a single averaging element results in a strong overestimation of the
failure probability as Pp is approximately eight times larger than Pr. When increasing nga, Pr becomes
negatively biased and converges to the analytical solution Pr with increasing ng4. The relative error in the
probability of failure falls below 30% for ng4 > 5. The overestimation for ng4 = 1 results from the fact
that the RF F”(z) is discretized with a single random variable that averages over the whole length of the

beam, which reduces the local effect of the measurement at z,,, = 0.5 m and leads to an overestimation of the
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Figure 9: Panel a shows the SA approximation of the mean (solid red line, left ordinate) and standard deviation (dashed red
line, right ordinate) for the tip displacement of the cantilever beam as function of the number of equisized averaging elements
nsa. The blue lines show the analytical mean value p!/ (2 = 2m) (solid blue line) and standard deviation o/ (2 = 2m) (dashed
blue line). Panel b shows the corresponding SA approximation of the failure probability Pr (red line) as function of the number
of equisized averaging elements ng4. The blue line shows the analytical failure probability Pg.

Table 2: Average normalized bias &, and variance error &y of the vertical displacement w’ and estimated probability of failure
Pp with eight SA elements of uniform size, a refined mesh at the fixed end and a refined mesh at the measurement location.

En gy pF
uniform mesh 0.005 0.063 8.4x10~%
fine mesh at fixed end 0.001 0.025 9.6x1074
fine mesh at z;, 0.004 0.044 9.0x10~4

flexibility in that region. This error propagates through the model evaluation and, on the one hand, leads to
a strong bias of the vertical displacement. On the other hand, it leads to an almost perfect approximation
of ol (z = 2m) with a single averaging element, since it counteracts the underestimation of the variance

that is typically observed when using a small number of averaging elements.

L

met=1...,nga independent of the location

So far, the SA elements have been equisized, i.e., L; =
within the structural system. In the following, the SA mesh is chosen such that it is finer in regions that
may be critical for the system response, in this case the fixed end of the beam z = 0 m and the measurement
location z,, = 0.5m. Figure 10 shows the parameters of the random variables and their correlation for
nga = 8 with equisized elements (left column), refined mesh at the fixed end (middle column) and refined
mesh around the measurement location z,, = 0.5m (right column). As ngs = 8 for all three settings, a
refinement of the SA mesh in one region of the beam necessarily leads to a coarser mesh in other parts of
the domain, in this case towards the free end of the beam. Figure 11 illustrates the effect on the point-wise
error in approximating the vertical displacement.

Refining the mesh leads to smaller bias and variance error in that region compared to the error with
equisized elements. The coarser mesh towards the free end of the beam leads to slightly larger bias and

variance error for the two adaptive mesh choices. The average error measures are listed in Table 2 showing

the minor effect on the average variance error of the vertical displacement. The investigated adaptive
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Figure 10: Posterior mean value (top row), standard deviation (middle row) and correlation (bottom row) of the SA approx-
imation of the posterior flexibility RF with eight equisized averaging elements (left column), refined mesh at the fixed end
(middle column) and refined mesh at the measurement location z, (right column).

a) Point-wise bias b) Point-wise variance error
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Figure 11: Effect of adaptive SA element size in an 8-element mesh (solid line: equisized elements, dotted line: refined mesh

at the fixed end, dashed line: refined mesh around the measurement location) on the point-wise normalized bias (panel a) and
variance error (panel b) of the vertical displacement.
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mesh choices lead to a failure probability estimate of Pr = 9.6 x 10~* (mesh refinement at fixed end) and
Pr=9.0x10"4 (mesh refinement at measurement location), respectively compared to Pp =84x1074
with nga = 8 equisized averaging elements. It is reminded that the reference solution is Pr = 9.9 x 1074,
However, although the results with the adaptive mesh choices are more accurate, they are also more sensitive
to the analysis at hand and thus should be handled with caution. This sensitivity is illustrated by using
another adaptive SA mesh with ngq = 8, where the refinement is towards the free end of the beam, i.e., the
region of interest with respect to the limit state function of Equation (40). The SA mesh is a left-to-right
reversion of the adaptive SA mesh with the refinement at the fixed end (cf. middle column of Figure 10).
The resulting failure probability estimate is Pp = 5.0 x 1074, which underestimates P significantly. In
the general case, it might be difficult to find a suitable adaptive SA mesh, especially in cases where the
relation between the RF discretization and the output quantity of interest is hidden by a black box model

evaluation, as is the case for complex finite element models.

3.2.3. Propped cantilever beam
The structural system is modified by adding an additional vertical support at the free end of the beam
as illustrated in Figure 12. The resulting propped cantilever beam is statically indeterminate and thus,

Equations (34) and (35) cannot be used to evaluate the beam rotation and displacement.

Figure 12: Statically indeterminate propped cantilever beam under uniform vertical load gq.

Due to the spatial variability of the beam flexibility, the inner forces of the beam depend on the flexibility.
Therefore, the system response is evaluated with the linear finite element method based on the Euler-
Bernoulli beam theory with a finite element size of [pg = 0.0l m. Since the system response RFs and
their moments cannot be calculated analytically, a numerical reference solution is employed. To this end,
the posterior flexibility RF is discretized with the Karhunen-Loe¢ve (KL) expansion with a large number of
terms (mgr = 500) [27]. The KL expansion is based on a spectral decomposition of the autocovariance

operator of the RF and can be used for homogeneous and non-homogeneous RFs [41, 24, 1]. Using the KL
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Figure 13: Posterior spatial mean value (panel a) and standard deviation (panel b) of the vertical displacement for the propped
cantilever beam. The KL expansion in the reference solution (blue) discretizes the RF F”/(z) with mg = 500 terms, the SA
approximation (red) with four averaging elements of equal size.

Table 3: Average normalized bias &, and variance error &y of the propped cantilever vertical displacement w'’ for varying
number of spatial averaging elements nga to discretize the posterior beam flexibility RF.

nsA En v
2 0.016 0.322
4 0.023 0.278
8 0.007 0.070

expansion, the mean value of an RF is represented exactly, while there is an approximation error in the
covariance operator. The average variance error of the beam flexibility with the chosen number of terms for
the reference solution is smaller than 1%. The parameters of the posterior flexibility RF F”'(z) are the same
as in the previous investigation and its SA discretization is done with four equisized averaging elements (cf.
Figure 6). The reference solution as well as the SA solution for the moments of the vertical displacement are
obtained by running a Monte Carlo simulation with Ny;cg = 1 x 10* independent samples and is illustrated
in Figure 13.

Panel a shows that the mean displacement is approximated well with four SA elements, concerning both
shape and magnitude of the curve. The standard deviation of the displacement is underestimated throughout
the beam and the magnitude increases with increasing distance to one of the supports.

Table 3 lists the average bias and variance error of the vertical displacement for ngs = 2, 4 and 8.
Increasing nga to eight elements leads to large error reductions while the difference between ngq = 2
and ng4 = 4 is comparatively small. Comparison of Table 3 with Table 1 for the statically determinate
cantilever beam indicates that the average error is larger for the propped cantilever beam than for the
statically determinate cantilever beam.

Due to the non-uniform flexibility of the propped cantilever beam, the inner forces (i.e., bending moment
and shear) are functions of the applied load and the support reactions, which need to be evaluated numer-

ically, e.g., by means of the finite element method. The bending moment in a propped cantilever beam is
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Figure 14: Panel a shows the SA approximation of the mean (solid red line, left ordinate) and standard deviation (dashed red
line, right ordinate) for the bending moment at the fixed end of the propped cantilever beam as function of the number of
equisized averaging elements ng 4. The blue lines show the analytical mean value MQ\//[(Z = 0m) (solid blue line) and standard
deviation ¢{;(z = 0m) (dashed blue line). Panel b shows the corresponding SA approximation of the failure probability Pr
(red line) as function of the number of equisized averaging elements ng4. The blue line shows the analytical failure probability
Prp.

calculated as follows:

M(z):M(z:O)-LZZ—&-q-(L~;—Z2>, (42)

where M (z = 0) is the bending moment at the fixed end of the beam. For constant beam flexibility, the
support reactions can be determined analytically and M(z = 0) = —¢q - %2. As F(z) is modeled by an RF,
the evaluated bending moment at the fixed end depends on the chosen discretization. To illustrate this, a

reliability analysis with the following limit state function is performed:
9(F(2)) = M (2 = 0m) — My, (43)

where My, is chosen as —1.25 - ¢ - %2 = —750kNm. It is noted that M(z = 0m) is not a Gaussian random
variable and thus, evaluation of the probability of failure in terms of the normal integral is not possible.
Instead, a Monte Carlo simulation with Na;cg = 1 x 10% samples is employed to estimate P, where the full
finite element model of the propped cantilever beam is evaluated for each realization of the beam flexibility.
A reference solution is obtained based on the KL expansion with mg = 500 terms to discretize the beam
flexibility in a Monte Carlo simulation with Ny;cg = 1 x 107 resulting in Pr = 2.01 x 1073, The results
for varying number of averaging elements in the SA discretization are illustrated in Figure 14. The SA
approximations for mean (red line) and standard deviation (dashed red line) are plotted as function of ng4
in panel a and compared to the respective reference solution (blue line and dashed blue line). If nga = 1,
the beam flexibility is uniform throughout the domain, leading to a deterministic bending moment at the
fixed end (g};(z = 0) = —¢q - %2 = —600kNm and &%,(z = 0) = 0kNm). The SA method underestimates

both mean f};(z = 0) and standard deviation 67,;(z = 0) before converging to the reference solution with
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increase of nga. Panel b shows the convergence of the estimated failure probability Pp (red line) towards
the reference solution (blue line). Failure cannot occur for ng4 = 1 because the uniform flexibility results
in a deterministic bending moment that does not lead to a failed state of the system. No failure sample
was observed for ng4 = 2 in the Monte Carlo simulation with the chosen sample size, indicating that PF
strongly underestimates Pp. Choosing ng4 > 3 leads to negatively biased estimates of the failure probability
converging towards the reference solution with increasing ng 4. Pp is of the correct order of magnitude for

nsa > 5.

3.2.4. Summary and interpretation of results

The one-dimensional beam example shows that SA can be used to approximate non-homogeneous RF's
in reliability analyses of simple beam structures. Due to the smoothing effect of the forward operator, local
fluctuations in the beam flexibility average out and thus, the system response can be approximated well
with spatially averaging elements. Not surprisingly, a larger number of averaging elements and thus, a larger
number of random variables to approximate the RF leads to a better global accuracy of the system response
approximation. However, due to the changing interval bounds when changing the number of SA elements,
this does not necessarily hold for all error measures when the RF is non-homogeneous. The distribution tails
of the system response are especially important when performing reliability analysis. Our results show that
the distribution tails can be sufficiently well approximated with a reasonable number of random variables
for the RF discretization, although the required number is larger than for estimating the mean response.
The choice of an adaptive size of the averaging elements can lead to a better accuracy of the results, but
at the same time increases the sensitivity of the SA discretization to the behavior of the numerical model.
Hence, it cannot be recommended for general use; in general problems, the underlying numerical model may
be more complex, in which case the choice of an appropriate adaptive mesh is not straightforward. The
influence of the spatial variability of the beam flexibility on the system response depends on the quantity
of interest and the problem setting. Local failure mechanisms (in our investigation the bending moment)
require a larger number of averaging elements than failure mechanisms dominated by global behavior of the
flexibility (in our investigation the maximum displacement). Other than in statically determinate settings,
the inner forces in a statically indeterminate setting are influenced by spatially variable beam flexibility and
thus are spatially variable functions. This leads to larger approximation error in the spatial system response

when using SA for the RF discretization.

24



440

445

450

3.8. Sliding failure in the construction joint of a shiplock

The chamber of a fictitious ship lock is investigated. It has a length of L = 109 m, a usable width between
the chamber walls of 12m and is made of unreinforced tamped concrete. Several failure mechanisms can
occur in a ship lock, one of them being sliding of the construction joint between the chamber wall and the
base slab. The cross section of the wall including the joint with a width of W = 4.5m and the surrounding

soil are illustrated in Figure 15. In structural verifications, sliding of this joint due to shear is one of the

Figure 15: Half cross section of a ship lock chamber with construction joint between base slab and chamber wall.

failure mechanisms that are investigated by checking the following condition [42, 43]:

Vea < SRa, (44)

where Vgq denotes the applied design shear force at the interface and Sgq is the design sliding resistance of
the joint. In practice, both Vg4 and Sggq depend on a number of factors and additional variables to cover
different effects on the sliding failure. For simplicity, a slimmed-down version is used here. Vg4 consists of all
forces acting horizontally on the structure, i.e., the horizontal earth and water pressure. Sgq is the product
of the vertical forces Ngg and the friction coefficient 7 of the construction joint. Further contributions to
Sra (e.g., the concrete tensile strength) are neglected at this point. Ngg is given by the self weight of the
chamber wall plus the vertical earth and water pressure, wall friction and crack and pore water pressure.
In this example, two failure events are considered. The first one is a local exceedance of the sliding

resistance along zo, defined by the following limit state function:

91(z1,7(2)) =vr - Sk (21) = Ve (21), (45)

where yg = 1.3 is a deterministic coefficient to account for the spatial load bearing behavior of the chamber

wall in a simplified manner. A detailed mechanical model for the spatial load bearing would go beyond
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the scope of the investigation at this point. Sg(z1) is defined as the average sliding resistance along the
construction joint in zo:

4.5m
SR (21) = ]\MA T(Z) dZQ. (46)

Vi (21) and Ng (21) are the loads acting on the structure in horizontal and vertical direction. The second
limit state function is defined as exceedance of the average sliding resistance of a substantial part of the
chamber wall:

G+E

g5 (1, 7(2)) = / S (21) dz1 — / Vie (21) dai, (47)

z z
G- G-

Cl+%1

where z; = é is the length in z; that is assumed critical for the sliding failure mechanism of a substantial
part of the wall and ¢; € (3, L — %) is the location of the potential failure point along the wall.

Failure of the chamber wall occurs if any of the two described limit state functions gives a value smaller
than zero at any point in z; direction. Thus, the limit state function for system failure is given as a function

of the two individual failure probabilities:

min,, {g1(21,7(2))}, 21 Om, L
gova(7(2)) = min {91(z1,7(2))}, =1 € ( ) . (418)

ming, {g2(¢1,7(2))}, ¢ € (3, L—%)

3.8.1. Two-dimensional random field for the friction coefficient

The friction coefficient 7 in the construction joint is modeled by a two-dimensional RF 7 (z) in z; and zs.
The prior RF 7/ (z) is homogeneous with lognormal marginal distribution F. The corresponding parameters
are . and of _, which are the mean value and standard deviation of the Gaussian distribution F} _ of the
underlying homogeneous Gaussian RF 71, (z). The spatial correlation of 7/, (z) is modeled with the Matérn

correlation model with a smoothness parameter of v = 1.5 [31, 44]:
302 30,
o (1 55) o (452) .
C c

The correlation length is chosen as [, = 4 m.

A typical assumption for the friction coefficient in indented construction joints of concrete structures
is 7 = 0.9 [42], while in-situ measurements often show significantly higher friction coefficients. Hence, the
prior RF distribution parameters are chosen such that 7 = 0.9 approximately equals the 5%-quantile value
of the lognormal distribution. This is achieved by choosing pi,. = 0.25 and oy, = 0.2. The corresponding

mean value and standard deviation are p”. = 1.31 and o) = 0.26. Note that this prior distribution is based
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Table 4: Measurement values 7, of the friction coefficient and corresponding locations in the construction joint of the ship
lock chamber wall.

1 2 3 4 5 6 7 8
z1 [m] 17.80 22.30 46.55 52.05 54.70 54.70 76.25 81.40
z2 [m] 0.75 0.50 1.25 1.45 0.85 1.75 0.35 1.00
Tm 2.6 2.1 1.2 1.7 3.1 2.1 2.9 5.0

on relatively strong assumptions and may not hold in practice.

It is assumed that data from concrete core samples of the chamber wall is available including n,, = 8
spatial measurements of the friction coefficient 7 in the construction joint (i.e., z3 = Om). Table 4 lists
the measurements T,, = [Tm.1,-..,7m,s] and corresponding locations. It is further assumed that the data
are associated with a lognormal multiplicative measurement error with median 1 and coefficient of variation
CV. = 0.1, which is equivalent to an additive zero-mean Gaussian measurement error for the logarithmic
transformation of the measurements In(7,,). Equations (32) and (33) can be adapted for the two-dimensional

update of the mean and covariance function of the Gaussian RF 7, (2):

_ T
Hing (2) = pilny + Rz, (2) R - (In(Tn) — pilyr) (50)

r (zi:2) = (01u,)" - (p(21,2)) = Ra,, (2:) -Rz! .- R (%)) (51)

R, (z)is a1l x n,, row vector function with element ¢ equal to p'(2, zm:). Rz, c = Rz, 2,, + Re, where
R., -, is an n, X n, matrix with element (i,j) equal to p'(Zm, zm,;) and R. = of_ -1, where I is
the n,, X n,, identity matrix. The resulting posterior mean value and standard deviation of the marginal

lognormal distributions of 7" (z) are plotted in Figure 16.

Figure 16: Posterior spatial mean value (panel a) and standard deviation (panel b) of the two-dimensional RF for the friction
coefficient in the construction joint of a ship lock chamber wall. The red crosses indicate the locations of the n,, = 8
measurements of the friction coefficient.

To approximate 7"/ (z) with SA, the domain of the construction joint is divided into rectangular averaging

L inz and X

domains. Their length is
NSsA,1 MnsA,2

in 2, resulting in ng4 = nga,1-ns4,2 rectangular elements of
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Figure 17: Posterior spatial mean value (panel a) and standard deviation (panel b) of the SA discretization of the two-
dimensional RF for the friction coefficient in the construction joint of a ship lock chamber wall. The number of elements is
nga = 20 with nga,1 =20 and nga 2 = 1.

equal size. The corresponding parameters of the lognormal averaging random variables and their correlation
are found by application of Equations (13) to (15) in combination with the transformation in Equation (20).
The mean values and standard deviations for nga,1 = 20 and nga,2 =1 are illustrated in Figure 17. It can

be seen that local extrema of the RF parameters resulting from high or low measurement values are not

fully reflected in the SA parameters but regions of high or low values are visible.

3.3.2. Loads acting on the structure

The vertical forces from self weight, vertical earth and water pressure, wall friction and crack and pore
water pressure are modeled space-invariant and deterministically. They sum up to Ng(z1) = 580 kNm~! per
running length. The horizontal water pressure is assumed deterministic based on the given ground water level
(cf. Figure 15), resulting in a value of Vg, = 353kNm~! per running length. The horizontal earth pressure
consists of a basic value of Vi . = 159kNm ™! and is multiplied with a location-specific random term. This
term is modeled with a one-dimensional KL representation using a fixed number of terms (mgr = 10). It
has mean value y1,, = 1, standard deviation ¢, = 0.05 and exponential spatial correlation (cf. Equation (31))

with a scale of fluctuation of ¥ = 40m.

3.3.83. Reliability analysis

The reliability analysis is carried out with MCS using 107 independent samples. A reference solution
is obtained by discretizing the two-dimensional RF 7" (2) with the KL expansion with mgz = 500 terms.
Figure 18 illustrates the resulting failure probability estimates as function of the number of SA elements in
21 direction nga, 1. Panel a shows that Pr (red line) strongly underestimates Pp (blue line) for small nga 1
but converges to the reference solution with increasing nga 1. PF = 0 when nga1 < 4, confirming the trend
to underestimate Pr for small nga ;. The system failure probability can be split up into the two individual

failure probabilities Prp; and Ppo for failure as defined by Equation (45) and (47), respectively. Panel b
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Figure 18: Failure probability estimates for the sliding failure of the ship lock chamber wall as function of the number of
equisized averaging elements in z1 direction ng4,1. Panel a shows the estimate of the system failure probability Pr (red line)
and panel b shows the estimates of the individual failure probabilities ]51:71 (solid red line) and ]—C’F’g (dashed red line). The
blue lines mark the corresponding reference failure probabilities Pr, Pr; and Pg o (dashed blue line).

Table 5: Effect of the number of SA elements in 2z direction ng4 2 on the failure probability estimate Pp for sliding failure of
the ship lock chamber, exemplarily for nga,1 = 25, ng4,1 = 50 and nga,1 = 75.

Pr
NSA1 nga2 =1 nga2 =2 nsa2 =3
25 8.9 x 104 8.4 x 104 8.4 x 10~ %
50 2.7 x 1073 2.6 x 10~3 2.6 x 1073
75 3.8 x 1073 3.7x 1073 3.6 x 1073

of Figure 18 shows the convergence of the individual probability estimates IADFJ (solid red line) and PF72
(dashed red line) to the reference solution (respective blue lines) with increasing nga 1. For nga 1 < 5 (4), the
estimated individual failure probability for failure mechanism 1 (2) is 0. The required number of averaging
elements for obtaining a good approximation of Pr; is significantly larger than for Ppy. This is related
to the nature of the two considered failure mechanisms. ¢;(z1,7(2)) describes a failure mechanism that is
located at a single point in direction zq, i.e., it is sensitive to local spatial variability. g2 ({1, 7(2)) on the
other hand describes the average resistance over the length Z;, which is dominated by regions of high and
low values of the friction coefficient. This type of failure mechanism is less sensitive to local variations of the
RF approximation error, and thus, can be well approximated with a smaller number of averaging elements.
Increasing the number of elements in z; direction has a minor effect on the estimated failure probability, as
shown in Table 5 for nga1 = 25, nga,1 = 50 and nga 1 = 75. The reason is that both failure mechanisms
include an integration of the sliding resistance over W in z direction. The minor changes in Pp can be
attributed to the fact that 7 (2) is approximated by the geometric average in each SA element. Increasing
the number of elements leads to a smaller difference between the integration of geometric averages (with
SA) and the integration of 7/ (z) (in the reference solution).

This example shows that, for an efficient reliability analysis, the number of SA elements should be chosen

depending on the problem at hand. Local failure mechanisms require a larger number of averaging elements
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than failure mechanisms dominated by averages over specific regions or even determined by global averages.
By an intelligent choice of the SA mesh, the stochastic dimension, i.e., the number of random variables, can
be significantly reduced without loss of accuracy. This is of special interest in multi-dimensional settings,
where on the one hand the number of random variables increases exponentially when the SA mesh is refined
and on the other hand, as illustrated above, the SA mesh might need to be fine in one direction but can be

relatively coarse in the other direction(s).

4. Conclusion

This paper presents the spatial averaging method for discretizing non-homogeneous random fields with
focus on application in reliability analysis with forward engineering models. Non-homogeneous random
fields can be induced through a spatial Bayesian update of the random field with measurement data. Each
random variable in the discretization with spatial averages represents the average behaviour of the random
field in a chosen linear (in one dimension) or rectangular (in higher dimensions) spatial domain. Equations to
calculate the mean vector and the covariance matrix of the set of averaging random variables are presented.
These equations enable direct application of the method to Gaussian random fields. Additionally, we present
application of the method to non-Gaussian translation fields and derive the required transformation for fields
with lognormal, Student’s ¢- and log-Student’s ¢-marginal distribution.

The performance of the method is investigated through two numerical examples, a one-dimensional beam
and a two-dimensional ship lock chamber wall. Thereby, the method is assessed in terms of its ability to
accurately represent output quantities of interest and, particularly, the reliability of engineering structures.
It is shown that the spatial averaging method is suitable to approximate non-homogeneous random fields
with a relatively small set of random variables, especially when the numerical model of the system response
involves integration of the spatially variable quantity. In such cases, even a single random variable can be
sufficient for obtaining a reasonable approximation of the output variability. The examples highlight that
understanding of the mechanical model is essential for efficient application of the spatial averaging method
in conjunction with structural models. It is shown that not only the number of averaging elements but also
the size of the individual elements are critical parameters for the performance of the method. An adaptive
element size can increase the accuracy of the discretization by increasing the quality of the random field
discretization in regions of special importance. However, it cannot be recommended for general application
as it requires detailed knowledge of the effect of spatial variability in the input on the output quantity of

interest. Thus, a uniform mesh size is to be preferred since it is more robust in terms of the approximation

30



560

565

570

575

580

585

590

error of the random field discretization. In the absence of an insight on the mechanical model, the number
of elements can be chosen by defining a target average relative bias and variance error on the input random
field.

The method is particularly suitable for coupling with black box models of engineering systems, such as
finite element models, and, hence, enables consideration of spatial variability in practical reliability analyses.
Additionally, the presented method can be used to account for spatial variability in the verification of
structures, e.g., by determining a conservative estimate for the spatial average of material properties or by
accounting for spatial load bearing behavior but still maintaining the simplifications of a plane structural
model. It is left to future studies to investigate the suitability of the spatial averaging method for practical

application in structural verification.
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